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Figure 1: Toy Examples. The boundary of each linear region is plotted with line segments, and each
circle indicates the `2 margin ✏̂x,2 around the training point. The prediction heatmap is shown aside
each figure. The gradient is annotated as arrows with length proportional to its `2 norm.

3.3.2 IMPROVING SPARSE LEARNING SIGNALS

Since a linear region is shaped by a set of neurons that are “close” to a given a point, a noticeable
problem of Eq. (7) is that it only focuses on the “closest” neuron, making it hard to scale the effect to
large networks. Hence, we make a generalization to the relaxed loss in Eq. (7) with a set of neurons
that incur high losses to the given point. We denote Î(x, �) as the set of neurons with top � percent
relaxed loss (TSVM loss) on x. The generalized loss is our final objective for learning RObust Local
Linearity (ROLL) and is written as:

min
✓

X
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(i,j)2Î(x,�)


krxzijk22 + Cmax(0, 1� |zij |)

�
. (9)

A special case of Eq. (9) is when � = 100 (i.e. Î(x, 100) = I), where the nonlinear sorting step
effectively disappears. Such simple additive structure without a nonlinear sorting step can stabilize
the training process, is simple to parallelize computation, and allows for an approximate learning
algorithm as will be developed in §4.2. Besides, taking � = 100 can induce a strong synergy effect,
as all the gradient norms krxzijk22 in Eq. (9) between any two layers are highly correlated.

4 COMPUTATION, APPROXIMATE LEARNING, AND COMPATIBILITY

4.1 PARALLEL COMPUTATION OF GRADIENTS

The `2 margin ✏̂x,2 and the ROLL loss in Eq. (9) demands heavy computation on gradient norms.
While calling back-propagation |I| times is intractable, we develop a parallel algorithm without
calling a single back-propagation by exploiting the functional structure of f✓.

Given an activation pattern, we know that each hidden neuron zij is also a linear function of x 2 S(x).
We can construct another linear network g✓ that is identical to f✓ in S(x) based on the same set of
parameters but fixed linear activation functions constructed to mimic the behavior of f✓ in S(x).
Due to the linearity of g✓, the derivatives of all the neurons to an input axis can be computed by
forwarding two samples: subtracting the neurons with an one-hot input from the same neurons with
a zero input. The procedure can be amortized and parallelized to all the dimensions by feeding
D+1 samples to g✓ in parallel. We remark that the algorithm generalizes to all the piecewise linear
networks, and refer readers to Appendix C for algorithmic details. When the network is restricted to
be FC, we have a more efficient dynamic programming procedure in Appendix D.

4.2 APPROXIMATE LEARNING

Despite the parallelizable computation of rxzij , it is still challenging to compute the loss for large
networks in a high dimension setting, where even calling D+1 forward passes in parallel as used in
§4.1 is infeasible due to memory constraints. Hence we propose an unbiased estimator of the ROLL
loss in Eq. (9) when Î(x, �) = I. Note that

P
(i,j)2I Cmax(0, 1 � |zij |) is already computable in

one single forward pass. For the sum of gradient norms, we use the following equivalent decoupling:
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‣ Functional transparency  
- guaranteed properties, including robustness
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‣ deep locally linear 
models

‣ ReLU networks with 
large linear regions

‣ temporal models 
with desired local 
behavior

…



Deep locally linear models
‣ A self-explaining architecture from a deep linear model

h
⇣
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simple linear 
coefficients

simple feature 
transformation
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A linear 
model



‣ A self-explaining architecture from a deep linear model 

‣ Arbitrarily powerful, but not (linearly) interpretable
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⌘
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‣ A self-explaining architecture from a deep linear model 

‣ Arbitrarily powerful, but not (linearly) interpretable
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<latexit sha1_base64="7KXorDshpybo0QD/hFwdzg5ymOI=">AAACJ3icbVDLSsNAFJ3UV42vqks3wSLopiQ+0KXUjUsF+4AmlMnkth2cTMLMjVpCvsGtfoJf40506Z84rV3Y1gMDh3PuZe45YSq4Rtf9skoLi0vLK+VVe219Y3Orsr3T1EmmGDRYIhLVDqkGwSU0kKOAdqqAxqGAVnh/NfJbD6A0T+QdDlMIYtqXvMcZRSM1/DrvH3UrVbfmjuHME29CqmSCm+62te5HCctikMgE1brjuSkGOVXImYDC9jMNKWX3tA8dQyWNQQf5+NrCOTBK5PQSZZ5EZ6z+3chprPUwDs1kTHGgZ72R+J/XybB3EeRcphmCZL8f9TLhYOKMojsRV8BQDA2hTHFzq8MGVFGGpiDb12Dak30c5H5KFZeRSVfkJlgx5SE84SOPzA35Se2My8I2/Xmzbc2T5nHNc2ve7Wn1sj5pskz2yD45JB45J5fkmtyQBmGEk2fyQl6tN+vd+rA+f0dL1mRnl0zB+v4B0rGl0Q==</latexit><latexit sha1_base64="7KXorDshpybo0QD/hFwdzg5ymOI=">AAACJ3icbVDLSsNAFJ3UV42vqks3wSLopiQ+0KXUjUsF+4AmlMnkth2cTMLMjVpCvsGtfoJf40506Z84rV3Y1gMDh3PuZe45YSq4Rtf9skoLi0vLK+VVe219Y3Orsr3T1EmmGDRYIhLVDqkGwSU0kKOAdqqAxqGAVnh/NfJbD6A0T+QdDlMIYtqXvMcZRSM1/DrvH3UrVbfmjuHME29CqmSCm+62te5HCctikMgE1brjuSkGOVXImYDC9jMNKWX3tA8dQyWNQQf5+NrCOTBK5PQSZZ5EZ6z+3chprPUwDs1kTHGgZ72R+J/XybB3EeRcphmCZL8f9TLhYOKMojsRV8BQDA2hTHFzq8MGVFGGpiDb12Dak30c5H5KFZeRSVfkJlgx5SE84SOPzA35Se2My8I2/Xmzbc2T5nHNc2ve7Wn1sj5pskz2yD45JB45J5fkmtyQBmGEk2fyQl6tN+vd+rA+f0dL1mRnl0zB+v4B0rGl0Q==</latexit><latexit sha1_base64="7KXorDshpybo0QD/hFwdzg5ymOI=">AAACJ3icbVDLSsNAFJ3UV42vqks3wSLopiQ+0KXUjUsF+4AmlMnkth2cTMLMjVpCvsGtfoJf40506Z84rV3Y1gMDh3PuZe45YSq4Rtf9skoLi0vLK+VVe219Y3Orsr3T1EmmGDRYIhLVDqkGwSU0kKOAdqqAxqGAVnh/NfJbD6A0T+QdDlMIYtqXvMcZRSM1/DrvH3UrVbfmjuHME29CqmSCm+62te5HCctikMgE1brjuSkGOVXImYDC9jMNKWX3tA8dQyWNQQf5+NrCOTBK5PQSZZ5EZ6z+3chprPUwDs1kTHGgZ72R+J/XybB3EeRcphmCZL8f9TLhYOKMojsRV8BQDA2hTHFzq8MGVFGGpiDb12Dak30c5H5KFZeRSVfkJlgx5SE84SOPzA35Se2My8I2/Xmzbc2T5nHNc2ve7Wn1sj5pskz2yD45JB45J5fkmtyQBmGEk2fyQl6tN+vd+rA+f0dL1mRnl0zB+v4B0rGl0Q==</latexit><latexit sha1_base64="7KXorDshpybo0QD/hFwdzg5ymOI=">AAACJ3icbVDLSsNAFJ3UV42vqks3wSLopiQ+0KXUjUsF+4AmlMnkth2cTMLMjVpCvsGtfoJf40506Z84rV3Y1gMDh3PuZe45YSq4Rtf9skoLi0vLK+VVe219Y3Orsr3T1EmmGDRYIhLVDqkGwSU0kKOAdqqAxqGAVnh/NfJbD6A0T+QdDlMIYtqXvMcZRSM1/DrvH3UrVbfmjuHME29CqmSCm+62te5HCctikMgE1brjuSkGOVXImYDC9jMNKWX3tA8dQyWNQQf5+NrCOTBK5PQSZZ5EZ6z+3chprPUwDs1kTHGgZ72R+J/XybB3EeRcphmCZL8f9TLhYOKMojsRV8BQDA2hTHFzq8MGVFGGpiDb12Dak30c5H5KFZeRSVfkJlgx5SE84SOPzA35Se2My8I2/Xmzbc2T5nHNc2ve7Wn1sj5pskz2yD45JB45J5fkmtyQBmGEk2fyQl6tN+vd+rA+f0dL1mRnl0zB+v4B0rGl0Q==</latexit>

✓
⇣

<latexit sha1_base64="qjkJbxVeW0fwFdBFnTPiVEYxc/4=">AAACLXicbVDLSsNAFJ34NtZHdekmWARXIfGBLqVuXCpYW2hKmUxuk6GTSZi5UUvIZ7jVT/BrXAji1t9wWrtQ64GBwzn3MueeMBdco+e9WXPzC4tLyyur9lptfWNzq759q7NCMWixTGSqE1INgktoIUcBnVwBTUMB7XB4Mfbbd6A0z+QNjnLopTSWfMAZRSN1A0wAadDk8UF/q+G53gTOLPGnpEGmuOrXrVoQZaxIQSITVOuu7+XYK6lCzgRUdlBoyCkb0hi6hkqagu6Vk8yVs2+UyBlkyjyJzkT9uVHSVOtRGprJlGKi/3pj8T+vW+DgrFdymRcIkn1/NCiEg5kzLsCJuAKGYmQIZYqbrA5LqKIMTU12oMF0KGNMyiCnisvIXFeV5rDql4fwgPc8MhnKI/eEy8o2/fl/25olt4eu77n+9XHjvDltcoXskj1yQHxySs7JJbkiLcJIRh7JE3m2XqxX6936+B6ds6Y7O+QXrM8vB66ofg==</latexit><latexit sha1_base64="qjkJbxVeW0fwFdBFnTPiVEYxc/4=">AAACLXicbVDLSsNAFJ34NtZHdekmWARXIfGBLqVuXCpYW2hKmUxuk6GTSZi5UUvIZ7jVT/BrXAji1t9wWrtQ64GBwzn3MueeMBdco+e9WXPzC4tLyyur9lptfWNzq759q7NCMWixTGSqE1INgktoIUcBnVwBTUMB7XB4Mfbbd6A0z+QNjnLopTSWfMAZRSN1A0wAadDk8UF/q+G53gTOLPGnpEGmuOrXrVoQZaxIQSITVOuu7+XYK6lCzgRUdlBoyCkb0hi6hkqagu6Vk8yVs2+UyBlkyjyJzkT9uVHSVOtRGprJlGKi/3pj8T+vW+DgrFdymRcIkn1/NCiEg5kzLsCJuAKGYmQIZYqbrA5LqKIMTU12oMF0KGNMyiCnisvIXFeV5rDql4fwgPc8MhnKI/eEy8o2/fl/25olt4eu77n+9XHjvDltcoXskj1yQHxySs7JJbkiLcJIRh7JE3m2XqxX6936+B6ds6Y7O+QXrM8vB66ofg==</latexit><latexit sha1_base64="qjkJbxVeW0fwFdBFnTPiVEYxc/4=">AAACLXicbVDLSsNAFJ34NtZHdekmWARXIfGBLqVuXCpYW2hKmUxuk6GTSZi5UUvIZ7jVT/BrXAji1t9wWrtQ64GBwzn3MueeMBdco+e9WXPzC4tLyyur9lptfWNzq759q7NCMWixTGSqE1INgktoIUcBnVwBTUMB7XB4Mfbbd6A0z+QNjnLopTSWfMAZRSN1A0wAadDk8UF/q+G53gTOLPGnpEGmuOrXrVoQZaxIQSITVOuu7+XYK6lCzgRUdlBoyCkb0hi6hkqagu6Vk8yVs2+UyBlkyjyJzkT9uVHSVOtRGprJlGKi/3pj8T+vW+DgrFdymRcIkn1/NCiEg5kzLsCJuAKGYmQIZYqbrA5LqKIMTU12oMF0KGNMyiCnisvIXFeV5rDql4fwgPc8MhnKI/eEy8o2/fl/25olt4eu77n+9XHjvDltcoXskj1yQHxySs7JJbkiLcJIRh7JE3m2XqxX6936+B6ds6Y7O+QXrM8vB66ofg==</latexit><latexit sha1_base64="qjkJbxVeW0fwFdBFnTPiVEYxc/4=">AAACLXicbVDLSsNAFJ34NtZHdekmWARXIfGBLqVuXCpYW2hKmUxuk6GTSZi5UUvIZ7jVT/BrXAji1t9wWrtQ64GBwzn3MueeMBdco+e9WXPzC4tLyyur9lptfWNzq759q7NCMWixTGSqE1INgktoIUcBnVwBTUMB7XB4Mfbbd6A0z+QNjnLopTSWfMAZRSN1A0wAadDk8UF/q+G53gTOLPGnpEGmuOrXrVoQZaxIQSITVOuu7+XYK6lCzgRUdlBoyCkb0hi6hkqagu6Vk8yVs2+UyBlkyjyJzkT9uVHSVOtRGprJlGKi/3pj8T+vW+DgrFdymRcIkn1/NCiEg5kzLsCJuAKGYmQIZYqbrA5LqKIMTU12oMF0KGNMyiCnisvIXFeV5rDql4fwgPc8MhnKI/eEy8o2/fl/25olt4eu77n+9XHjvDltcoXskj1yQHxySs7JJbkiLcJIRh7JE3m2XqxX6936+B6ds6Y7O+QXrM8vB66ofg==</latexit>

·<latexit sha1_base64="HMP1zlloHt4USM1hFoVTFuktQkg=">AAACJ3icbVDLSsNAFJ3UV61VW126CRbBVUl8oMuiG5cV7AOaUiaT23boZBJmbtQS8g1u9RP8GneiS//E6WNhWw8MHM65l7nn+LHgGh3n28qtrW9sbuW3CzvF3b39UvmgqaNEMWiwSESq7VMNgktoIEcB7VgBDX0BLX90O/Fbj6A0j+QDjmPohnQgeZ8zikZqeCyIsFeqOFVnCnuVuHNSIXPUe2Wr6AURS0KQyATVuuM6MXZTqpAzAVnBSzTElI3oADqGShqC7qbTazP7xCiB3Y+UeRLtqfp3I6Wh1uPQN5MhxaFe9ibif14nwf51N+UyThAkm33UT4SNkT2JbgdcAUMxNoQyxc2tNhtSRRmaggqeBtOeHOAw9WKquAxMuiw1wbIFD+EZn3hgbkjPq5dcZgXTn7vc1ippnlVdp+reX1RqN/Mm8+SIHJNT4pIrUiN3pE4ahBFOXsgrebPerQ/r0/qajeas+c4hWYD18wuU8qZA</latexit><latexit sha1_base64="HMP1zlloHt4USM1hFoVTFuktQkg=">AAACJ3icbVDLSsNAFJ3UV61VW126CRbBVUl8oMuiG5cV7AOaUiaT23boZBJmbtQS8g1u9RP8GneiS//E6WNhWw8MHM65l7nn+LHgGh3n28qtrW9sbuW3CzvF3b39UvmgqaNEMWiwSESq7VMNgktoIEcB7VgBDX0BLX90O/Fbj6A0j+QDjmPohnQgeZ8zikZqeCyIsFeqOFVnCnuVuHNSIXPUe2Wr6AURS0KQyATVuuM6MXZTqpAzAVnBSzTElI3oADqGShqC7qbTazP7xCiB3Y+UeRLtqfp3I6Wh1uPQN5MhxaFe9ibif14nwf51N+UyThAkm33UT4SNkT2JbgdcAUMxNoQyxc2tNhtSRRmaggqeBtOeHOAw9WKquAxMuiw1wbIFD+EZn3hgbkjPq5dcZgXTn7vc1ippnlVdp+reX1RqN/Mm8+SIHJNT4pIrUiN3pE4ahBFOXsgrebPerQ/r0/qajeas+c4hWYD18wuU8qZA</latexit><latexit sha1_base64="HMP1zlloHt4USM1hFoVTFuktQkg=">AAACJ3icbVDLSsNAFJ3UV61VW126CRbBVUl8oMuiG5cV7AOaUiaT23boZBJmbtQS8g1u9RP8GneiS//E6WNhWw8MHM65l7nn+LHgGh3n28qtrW9sbuW3CzvF3b39UvmgqaNEMWiwSESq7VMNgktoIEcB7VgBDX0BLX90O/Fbj6A0j+QDjmPohnQgeZ8zikZqeCyIsFeqOFVnCnuVuHNSIXPUe2Wr6AURS0KQyATVuuM6MXZTqpAzAVnBSzTElI3oADqGShqC7qbTazP7xCiB3Y+UeRLtqfp3I6Wh1uPQN5MhxaFe9ibif14nwf51N+UyThAkm33UT4SNkT2JbgdcAUMxNoQyxc2tNhtSRRmaggqeBtOeHOAw9WKquAxMuiw1wbIFD+EZn3hgbkjPq5dcZgXTn7vc1ippnlVdp+reX1RqN/Mm8+SIHJNT4pIrUiN3pE4ahBFOXsgrebPerQ/r0/qajeas+c4hWYD18wuU8qZA</latexit><latexit sha1_base64="HMP1zlloHt4USM1hFoVTFuktQkg=">AAACJ3icbVDLSsNAFJ3UV61VW126CRbBVUl8oMuiG5cV7AOaUiaT23boZBJmbtQS8g1u9RP8GneiS//E6WNhWw8MHM65l7nn+LHgGh3n28qtrW9sbuW3CzvF3b39UvmgqaNEMWiwSESq7VMNgktoIEcB7VgBDX0BLX90O/Fbj6A0j+QDjmPohnQgeZ8zikZqeCyIsFeqOFVnCnuVuHNSIXPUe2Wr6AURS0KQyATVuuM6MXZTqpAzAVnBSzTElI3oADqGShqC7qbTazP7xCiB3Y+UeRLtqfp3I6Wh1uPQN5MhxaFe9ibif14nwf51N+UyThAkm33UT4SNkT2JbgdcAUMxNoQyxc2tNhtSRRmaggqeBtOeHOAw9WKquAxMuiw1wbIFD+EZn3hgbkjPq5dcZgXTn7vc1ippnlVdp+reX1RqN/Mm8+SIHJNT4pIrUiN3pE4ahBFOXsgrebPerQ/r0/qajeas+c4hWYD18wuU8qZA</latexit>f
⇣

<latexit sha1_base64="xd3LiL5QT0f4WDHujTGDTvdZiHk=">AAACKHicbVDLTsJAFJ36RERFXbppJCasSOsjujS4cYmJIAklZDq9hZHptJm5VUnTf3Crn+DXuDNs/RIHZCHgSSY5OefezD3HTwTX6Dhja2V1bX1js7BV3C7t7O6V9w9aOk4VgyaLRazaPtUguIQmchTQThTQyBfw4A9vJv7DEyjNY3mPowS6Ee1LHnJG0Uit0KvzfrVXrjg1Zwp7mbgzUiEzNHr7VskLYpZGIJEJqnXHdRLsZlQhZwLyopdqSCgb0j50DJU0At3Npufm9olRAjuMlXkS7an6dyOjkdajyDeTEcWBXvQm4n9eJ8XwqptxmaQIkv1+FKbCxtieZLcDroChGBlCmeLmVpsNqKIMTUNFT4OpT/ZxkHkJVVwGJl2emWD5nIfwgs88MDdkZ7ULLvOi6c9dbGuZtE5rrlNz784r1/VZkwVyRI5JlbjkklyTW9IgTcLII3klb+Td+rA+rS9r/Du6Ys12DskcrO8fqkCmQA==</latexit><latexit sha1_base64="xd3LiL5QT0f4WDHujTGDTvdZiHk=">AAACKHicbVDLTsJAFJ36RERFXbppJCasSOsjujS4cYmJIAklZDq9hZHptJm5VUnTf3Crn+DXuDNs/RIHZCHgSSY5OefezD3HTwTX6Dhja2V1bX1js7BV3C7t7O6V9w9aOk4VgyaLRazaPtUguIQmchTQThTQyBfw4A9vJv7DEyjNY3mPowS6Ee1LHnJG0Uit0KvzfrVXrjg1Zwp7mbgzUiEzNHr7VskLYpZGIJEJqnXHdRLsZlQhZwLyopdqSCgb0j50DJU0At3Npufm9olRAjuMlXkS7an6dyOjkdajyDeTEcWBXvQm4n9eJ8XwqptxmaQIkv1+FKbCxtieZLcDroChGBlCmeLmVpsNqKIMTUNFT4OpT/ZxkHkJVVwGJl2emWD5nIfwgs88MDdkZ7ULLvOi6c9dbGuZtE5rrlNz784r1/VZkwVyRI5JlbjkklyTW9IgTcLII3klb+Td+rA+rS9r/Du6Ys12DskcrO8fqkCmQA==</latexit><latexit sha1_base64="xd3LiL5QT0f4WDHujTGDTvdZiHk=">AAACKHicbVDLTsJAFJ36RERFXbppJCasSOsjujS4cYmJIAklZDq9hZHptJm5VUnTf3Crn+DXuDNs/RIHZCHgSSY5OefezD3HTwTX6Dhja2V1bX1js7BV3C7t7O6V9w9aOk4VgyaLRazaPtUguIQmchTQThTQyBfw4A9vJv7DEyjNY3mPowS6Ee1LHnJG0Uit0KvzfrVXrjg1Zwp7mbgzUiEzNHr7VskLYpZGIJEJqnXHdRLsZlQhZwLyopdqSCgb0j50DJU0At3Npufm9olRAjuMlXkS7an6dyOjkdajyDeTEcWBXvQm4n9eJ8XwqptxmaQIkv1+FKbCxtieZLcDroChGBlCmeLmVpsNqKIMTUNFT4OpT/ZxkHkJVVwGJl2emWD5nIfwgs88MDdkZ7ULLvOi6c9dbGuZtE5rrlNz784r1/VZkwVyRI5JlbjkklyTW9IgTcLII3klb+Td+rA+rS9r/Du6Ys12DskcrO8fqkCmQA==</latexit><latexit sha1_base64="xd3LiL5QT0f4WDHujTGDTvdZiHk=">AAACKHicbVDLTsJAFJ36RERFXbppJCasSOsjujS4cYmJIAklZDq9hZHptJm5VUnTf3Crn+DXuDNs/RIHZCHgSSY5OefezD3HTwTX6Dhja2V1bX1js7BV3C7t7O6V9w9aOk4VgyaLRazaPtUguIQmchTQThTQyBfw4A9vJv7DEyjNY3mPowS6Ee1LHnJG0Uit0KvzfrVXrjg1Zwp7mbgzUiEzNHr7VskLYpZGIJEJqnXHdRLsZlQhZwLyopdqSCgb0j50DJU0At3Npufm9olRAjuMlXkS7an6dyOjkdajyDeTEcWBXvQm4n9eJ8XwqptxmaQIkv1+FKbCxtieZLcDroChGBlCmeLmVpsNqKIMTUNFT4OpT/ZxkHkJVVwGJl2emWD5nIfwgs88MDdkZ7ULLvOi6c9dbGuZtE5rrlNz784r1/VZkwVyRI5JlbjkklyTW9IgTcLII3klb+Td+rA+rS9r/Du6Ys12DskcrO8fqkCmQA==</latexit>

=<latexit sha1_base64="VAi0NlAUPSFUvTiBxkR7GIey08U=">AAACI3icbVDLSsNAFJ3UV61VW126CRbBVUl8oBuh6MZlC/YBbSmTyW07dDIJMzdqCfkCt/oJfo07cePCf3H6WNjWAwOHc+5l7jleJLhGx/m2MmvrG5tb2e3cTn53b79QPGjoMFYM6iwUoWp5VIPgEurIUUArUkADT0DTG91N/OYjKM1D+YDjCLoBHUje54yikWo3vULJKTtT2KvEnZMSmaPaK1r5jh+yOACJTFCt264TYTehCjkTkOY6sYaIshEdQNtQSQPQ3WR6aWqfGMW3+6EyT6I9Vf9uJDTQehx4ZjKgONTL3kT8z2vH2L/uJlxGMYJks4/6sbAxtCexbZ8rYCjGhlCmuLnVZkOqKENTTq6jwTQnBzhMOhFVXPomXZqYYOmCh/CMT9w3NyTn5Usu05zpz11ua5U0zsquU3ZrF6XK7bzJLDkix+SUuOSKVMg9qZI6YQTIC3klb9a79WF9Wl+z0Yw13zkkC7B+fgHeZ6RP</latexit><latexit sha1_base64="VAi0NlAUPSFUvTiBxkR7GIey08U=">AAACI3icbVDLSsNAFJ3UV61VW126CRbBVUl8oBuh6MZlC/YBbSmTyW07dDIJMzdqCfkCt/oJfo07cePCf3H6WNjWAwOHc+5l7jleJLhGx/m2MmvrG5tb2e3cTn53b79QPGjoMFYM6iwUoWp5VIPgEurIUUArUkADT0DTG91N/OYjKM1D+YDjCLoBHUje54yikWo3vULJKTtT2KvEnZMSmaPaK1r5jh+yOACJTFCt264TYTehCjkTkOY6sYaIshEdQNtQSQPQ3WR6aWqfGMW3+6EyT6I9Vf9uJDTQehx4ZjKgONTL3kT8z2vH2L/uJlxGMYJks4/6sbAxtCexbZ8rYCjGhlCmuLnVZkOqKENTTq6jwTQnBzhMOhFVXPomXZqYYOmCh/CMT9w3NyTn5Usu05zpz11ua5U0zsquU3ZrF6XK7bzJLDkix+SUuOSKVMg9qZI6YQTIC3klb9a79WF9Wl+z0Yw13zkkC7B+fgHeZ6RP</latexit><latexit sha1_base64="VAi0NlAUPSFUvTiBxkR7GIey08U=">AAACI3icbVDLSsNAFJ3UV61VW126CRbBVUl8oBuh6MZlC/YBbSmTyW07dDIJMzdqCfkCt/oJfo07cePCf3H6WNjWAwOHc+5l7jleJLhGx/m2MmvrG5tb2e3cTn53b79QPGjoMFYM6iwUoWp5VIPgEurIUUArUkADT0DTG91N/OYjKM1D+YDjCLoBHUje54yikWo3vULJKTtT2KvEnZMSmaPaK1r5jh+yOACJTFCt264TYTehCjkTkOY6sYaIshEdQNtQSQPQ3WR6aWqfGMW3+6EyT6I9Vf9uJDTQehx4ZjKgONTL3kT8z2vH2L/uJlxGMYJks4/6sbAxtCexbZ8rYCjGhlCmuLnVZkOqKENTTq6jwTQnBzhMOhFVXPomXZqYYOmCh/CMT9w3NyTn5Usu05zpz11ua5U0zsquU3ZrF6XK7bzJLDkix+SUuOSKVMg9qZI6YQTIC3klb9a79WF9Wl+z0Yw13zkkC7B+fgHeZ6RP</latexit><latexit sha1_base64="VAi0NlAUPSFUvTiBxkR7GIey08U=">AAACI3icbVDLSsNAFJ3UV61VW126CRbBVUl8oBuh6MZlC/YBbSmTyW07dDIJMzdqCfkCt/oJfo07cePCf3H6WNjWAwOHc+5l7jleJLhGx/m2MmvrG5tb2e3cTn53b79QPGjoMFYM6iwUoWp5VIPgEurIUUArUkADT0DTG91N/OYjKM1D+YDjCLoBHUje54yikWo3vULJKTtT2KvEnZMSmaPaK1r5jh+yOACJTFCt264TYTehCjkTkOY6sYaIshEdQNtQSQPQ3WR6aWqfGMW3+6EyT6I9Vf9uJDTQehx4ZjKgONTL3kT8z2vH2L/uJlxGMYJks4/6sbAxtCexbZ8rYCjGhlCmuLnVZkOqKENTTq6jwTQnBzhMOhFVXPomXZqYYOmCh/CMT9w3NyTn5Usu05zpz11ua5U0zsquU3ZrF6XK7bzJLDkix+SUuOSKVMg9qZI6YQTIC3klb9a79WF9Wl+z0Yw13zkkC7B+fgHeZ6RP</latexit>

⌘
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Figure 2: Left: The effect of gradient-regularization on explanation stability. The unregularized version (second row)
produces highly variable, sometimes contradictory, explanations for slight perturbations of the same input. The regularized
version (� = 2 ⇥ 10�4) provides substantially more robust explanations. Right: Prototypes for the 6 learnt concepts (rows).

Figure 3: Explanation consistency for a SENN predictor on
MNIST with 20 concepts and regularization � = 1 ⇥ 10�4.

5.3. MNIST

We observed that any reasonable choice of parameters in
our model leads to very low test prediction error (< 3%).
Since these variations are within the margin of error, we
focus here instead on the evaluation of explanations for
this dataset. We first evaluate SENN models trained on the
MNIST dataset in terms of consistency (c.f. Section 5.2.2).
The relevance scores and concept importance as measured
by probability drop for a single prediction is shown in Fig-
ure 3. We compute these profiles over the full test set and
measure their discrepancy using label ranking loss. The
improvement in mean ranking loss (from 26% to 54%) ob-
tained by adding regularization shows that the proposed
gradient penalty indeed enforces faithfulness of the ✓(x)i’s
as relevance scores.

Next, we investigate the stability of the relevance scores.
Figure 2 shows a randomly selected input and the explana-
tions produced by two version of our model for 5 random
and one adversarial perturbation (the maximizer of (10)).

Figure 4: Effect of gradient regularization on prediction per-
formance and local consistency (as per (11) and (10), respec-
tively) on the COMPAS (left) and Cancer (right) datasets.

5.4. COMPAS predictions

With default parameters, our SENNmodel achieves an ac-
curacy of 82.02% on the test set, compared to 78.54% for
a baseline logistic classification model. The relatively low
performance of both methods is due to the problem of in-
consistent examples mentioned above. Since most of the
variables in this dataset are discrete, and continuous per-
turbations are not really meaningful, we use the discrete
version of the local difference-bounding condition (11) to
quantify consistency. We compare this quantity and the task
accuracy for various regularization parameters in Figure 5.
As expected, larger values of � are correlated with lower
variation bounds, at the expense of slightly worse prediction
performance. Next, we qualitatively evaluate the consis-
tency of the two model’s explanations for similar examples
on the test set. Following the inspiration of Propublica’s
original study (racial bias), we choose two examples which
have identical values for all variables except the (boolean)
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curacy of 82.02% on the test set, compared to 78.54% for
a baseline logistic classification model. The relatively low
performance of both methods is due to the problem of in-
consistent examples mentioned above. Since most of the
variables in this dataset are discrete, and continuous per-
turbations are not really meaningful, we use the discrete
version of the local difference-bounding condition (11) to
quantify consistency. We compare this quantity and the task
accuracy for various regularization parameters in Figure 5.
As expected, larger values of � are correlated with lower
variation bounds, at the expense of slightly worse prediction
performance. Next, we qualitatively evaluate the consis-
tency of the two model’s explanations for similar examples
on the test set. Following the inspiration of Propublica’s
original study (racial bias), we choose two examples which
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Deep locally linear models



‣ A self-explaining architecture from a deep linear model 

‣ We can regularize the model for local interpretability

h
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✓
⇣

<latexit sha1_base64="qjkJbxVeW0fwFdBFnTPiVEYxc/4=">AAACLXicbVDLSsNAFJ34NtZHdekmWARXIfGBLqVuXCpYW2hKmUxuk6GTSZi5UUvIZ7jVT/BrXAji1t9wWrtQ64GBwzn3MueeMBdco+e9WXPzC4tLyyur9lptfWNzq759q7NCMWixTGSqE1INgktoIUcBnVwBTUMB7XB4Mfbbd6A0z+QNjnLopTSWfMAZRSN1A0wAadDk8UF/q+G53gTOLPGnpEGmuOrXrVoQZaxIQSITVOuu7+XYK6lCzgRUdlBoyCkb0hi6hkqagu6Vk8yVs2+UyBlkyjyJzkT9uVHSVOtRGprJlGKi/3pj8T+vW+DgrFdymRcIkn1/NCiEg5kzLsCJuAKGYmQIZYqbrA5LqKIMTU12oMF0KGNMyiCnisvIXFeV5rDql4fwgPc8MhnKI/eEy8o2/fl/25olt4eu77n+9XHjvDltcoXskj1yQHxySs7JJbkiLcJIRh7JE3m2XqxX6936+B6ds6Y7O+QXrM8vB66ofg==</latexit><latexit sha1_base64="qjkJbxVeW0fwFdBFnTPiVEYxc/4=">AAACLXicbVDLSsNAFJ34NtZHdekmWARXIfGBLqVuXCpYW2hKmUxuk6GTSZi5UUvIZ7jVT/BrXAji1t9wWrtQ64GBwzn3MueeMBdco+e9WXPzC4tLyyur9lptfWNzq759q7NCMWixTGSqE1INgktoIUcBnVwBTUMB7XB4Mfbbd6A0z+QNjnLopTSWfMAZRSN1A0wAadDk8UF/q+G53gTOLPGnpEGmuOrXrVoQZaxIQSITVOuu7+XYK6lCzgRUdlBoyCkb0hi6hkqagu6Vk8yVs2+UyBlkyjyJzkT9uVHSVOtRGprJlGKi/3pj8T+vW+DgrFdymRcIkn1/NCiEg5kzLsCJuAKGYmQIZYqbrA5LqKIMTU12oMF0KGNMyiCnisvIXFeV5rDql4fwgPc8MhnKI/eEy8o2/fl/25olt4eu77n+9XHjvDltcoXskj1yQHxySs7JJbkiLcJIRh7JE3m2XqxX6936+B6ds6Y7O+QXrM8vB66ofg==</latexit><latexit sha1_base64="qjkJbxVeW0fwFdBFnTPiVEYxc/4=">AAACLXicbVDLSsNAFJ34NtZHdekmWARXIfGBLqVuXCpYW2hKmUxuk6GTSZi5UUvIZ7jVT/BrXAji1t9wWrtQ64GBwzn3MueeMBdco+e9WXPzC4tLyyur9lptfWNzq759q7NCMWixTGSqE1INgktoIUcBnVwBTUMB7XB4Mfbbd6A0z+QNjnLopTSWfMAZRSN1A0wAadDk8UF/q+G53gTOLPGnpEGmuOrXrVoQZaxIQSITVOuu7+XYK6lCzgRUdlBoyCkb0hi6hkqagu6Vk8yVs2+UyBlkyjyJzkT9uVHSVOtRGprJlGKi/3pj8T+vW+DgrFdymRcIkn1/NCiEg5kzLsCJuAKGYmQIZYqbrA5LqKIMTU12oMF0KGNMyiCnisvIXFeV5rDql4fwgPc8MhnKI/eEy8o2/fl/25olt4eu77n+9XHjvDltcoXskj1yQHxySs7JJbkiLcJIRh7JE3m2XqxX6936+B6ds6Y7O+QXrM8vB66ofg==</latexit><latexit sha1_base64="qjkJbxVeW0fwFdBFnTPiVEYxc/4=">AAACLXicbVDLSsNAFJ34NtZHdekmWARXIfGBLqVuXCpYW2hKmUxuk6GTSZi5UUvIZ7jVT/BrXAji1t9wWrtQ64GBwzn3MueeMBdco+e9WXPzC4tLyyur9lptfWNzq759q7NCMWixTGSqE1INgktoIUcBnVwBTUMB7XB4Mfbbd6A0z+QNjnLopTSWfMAZRSN1A0wAadDk8UF/q+G53gTOLPGnpEGmuOrXrVoQZaxIQSITVOuu7+XYK6lCzgRUdlBoyCkb0hi6hkqagu6Vk8yVs2+UyBlkyjyJzkT9uVHSVOtRGprJlGKi/3pj8T+vW+DgrFdymRcIkn1/NCiEg5kzLsCJuAKGYmQIZYqbrA5LqKIMTU12oMF0KGNMyiCnisvIXFeV5rDql4fwgPc8MhnKI/eEy8o2/fl/25olt4eu77n+9XHjvDltcoXskj1yQHxySs7JJbkiLcJIRh7JE3m2XqxX6936+B6ds6Y7O+QXrM8vB66ofg==</latexit>

·<latexit sha1_base64="HMP1zlloHt4USM1hFoVTFuktQkg=">AAACJ3icbVDLSsNAFJ3UV61VW126CRbBVUl8oMuiG5cV7AOaUiaT23boZBJmbtQS8g1u9RP8GneiS//E6WNhWw8MHM65l7nn+LHgGh3n28qtrW9sbuW3CzvF3b39UvmgqaNEMWiwSESq7VMNgktoIEcB7VgBDX0BLX90O/Fbj6A0j+QDjmPohnQgeZ8zikZqeCyIsFeqOFVnCnuVuHNSIXPUe2Wr6AURS0KQyATVuuM6MXZTqpAzAVnBSzTElI3oADqGShqC7qbTazP7xCiB3Y+UeRLtqfp3I6Wh1uPQN5MhxaFe9ibif14nwf51N+UyThAkm33UT4SNkT2JbgdcAUMxNoQyxc2tNhtSRRmaggqeBtOeHOAw9WKquAxMuiw1wbIFD+EZn3hgbkjPq5dcZgXTn7vc1ippnlVdp+reX1RqN/Mm8+SIHJNT4pIrUiN3pE4ahBFOXsgrebPerQ/r0/qajeas+c4hWYD18wuU8qZA</latexit><latexit sha1_base64="HMP1zlloHt4USM1hFoVTFuktQkg=">AAACJ3icbVDLSsNAFJ3UV61VW126CRbBVUl8oMuiG5cV7AOaUiaT23boZBJmbtQS8g1u9RP8GneiS//E6WNhWw8MHM65l7nn+LHgGh3n28qtrW9sbuW3CzvF3b39UvmgqaNEMWiwSESq7VMNgktoIEcB7VgBDX0BLX90O/Fbj6A0j+QDjmPohnQgeZ8zikZqeCyIsFeqOFVnCnuVuHNSIXPUe2Wr6AURS0KQyATVuuM6MXZTqpAzAVnBSzTElI3oADqGShqC7qbTazP7xCiB3Y+UeRLtqfp3I6Wh1uPQN5MhxaFe9ibif14nwf51N+UyThAkm33UT4SNkT2JbgdcAUMxNoQyxc2tNhtSRRmaggqeBtOeHOAw9WKquAxMuiw1wbIFD+EZn3hgbkjPq5dcZgXTn7vc1ippnlVdp+reX1RqN/Mm8+SIHJNT4pIrUiN3pE4ahBFOXsgrebPerQ/r0/qajeas+c4hWYD18wuU8qZA</latexit><latexit sha1_base64="HMP1zlloHt4USM1hFoVTFuktQkg=">AAACJ3icbVDLSsNAFJ3UV61VW126CRbBVUl8oMuiG5cV7AOaUiaT23boZBJmbtQS8g1u9RP8GneiS//E6WNhWw8MHM65l7nn+LHgGh3n28qtrW9sbuW3CzvF3b39UvmgqaNEMWiwSESq7VMNgktoIEcB7VgBDX0BLX90O/Fbj6A0j+QDjmPohnQgeZ8zikZqeCyIsFeqOFVnCnuVuHNSIXPUe2Wr6AURS0KQyATVuuM6MXZTqpAzAVnBSzTElI3oADqGShqC7qbTazP7xCiB3Y+UeRLtqfp3I6Wh1uPQN5MhxaFe9ibif14nwf51N+UyThAkm33UT4SNkT2JbgdcAUMxNoQyxc2tNhtSRRmaggqeBtOeHOAw9WKquAxMuiw1wbIFD+EZn3hgbkjPq5dcZgXTn7vc1ippnlVdp+reX1RqN/Mm8+SIHJNT4pIrUiN3pE4ahBFOXsgrebPerQ/r0/qajeas+c4hWYD18wuU8qZA</latexit><latexit sha1_base64="HMP1zlloHt4USM1hFoVTFuktQkg=">AAACJ3icbVDLSsNAFJ3UV61VW126CRbBVUl8oMuiG5cV7AOaUiaT23boZBJmbtQS8g1u9RP8GneiS//E6WNhWw8MHM65l7nn+LHgGh3n28qtrW9sbuW3CzvF3b39UvmgqaNEMWiwSESq7VMNgktoIEcB7VgBDX0BLX90O/Fbj6A0j+QDjmPohnQgeZ8zikZqeCyIsFeqOFVnCnuVuHNSIXPUe2Wr6AURS0KQyATVuuM6MXZTqpAzAVnBSzTElI3oADqGShqC7qbTazP7xCiB3Y+UeRLtqfp3I6Wh1uPQN5MhxaFe9ibif14nwf51N+UyThAkm33UT4SNkT2JbgdcAUMxNoQyxc2tNhtSRRmaggqeBtOeHOAw9WKquAxMuiw1wbIFD+EZn3hgbkjPq5dcZgXTn7vc1ippnlVdp+reX1RqN/Mm8+SIHJNT4pIrUiN3pE4ahBFOXsgrebPerQ/r0/qajeas+c4hWYD18wuU8qZA</latexit>f
⇣

<latexit sha1_base64="xd3LiL5QT0f4WDHujTGDTvdZiHk=">AAACKHicbVDLTsJAFJ36RERFXbppJCasSOsjujS4cYmJIAklZDq9hZHptJm5VUnTf3Crn+DXuDNs/RIHZCHgSSY5OefezD3HTwTX6Dhja2V1bX1js7BV3C7t7O6V9w9aOk4VgyaLRazaPtUguIQmchTQThTQyBfw4A9vJv7DEyjNY3mPowS6Ee1LHnJG0Uit0KvzfrVXrjg1Zwp7mbgzUiEzNHr7VskLYpZGIJEJqnXHdRLsZlQhZwLyopdqSCgb0j50DJU0At3Npufm9olRAjuMlXkS7an6dyOjkdajyDeTEcWBXvQm4n9eJ8XwqptxmaQIkv1+FKbCxtieZLcDroChGBlCmeLmVpsNqKIMTUNFT4OpT/ZxkHkJVVwGJl2emWD5nIfwgs88MDdkZ7ULLvOi6c9dbGuZtE5rrlNz784r1/VZkwVyRI5JlbjkklyTW9IgTcLII3klb+Td+rA+rS9r/Du6Ys12DskcrO8fqkCmQA==</latexit><latexit sha1_base64="xd3LiL5QT0f4WDHujTGDTvdZiHk=">AAACKHicbVDLTsJAFJ36RERFXbppJCasSOsjujS4cYmJIAklZDq9hZHptJm5VUnTf3Crn+DXuDNs/RIHZCHgSSY5OefezD3HTwTX6Dhja2V1bX1js7BV3C7t7O6V9w9aOk4VgyaLRazaPtUguIQmchTQThTQyBfw4A9vJv7DEyjNY3mPowS6Ee1LHnJG0Uit0KvzfrVXrjg1Zwp7mbgzUiEzNHr7VskLYpZGIJEJqnXHdRLsZlQhZwLyopdqSCgb0j50DJU0At3Npufm9olRAjuMlXkS7an6dyOjkdajyDeTEcWBXvQm4n9eJ8XwqptxmaQIkv1+FKbCxtieZLcDroChGBlCmeLmVpsNqKIMTUNFT4OpT/ZxkHkJVVwGJl2emWD5nIfwgs88MDdkZ7ULLvOi6c9dbGuZtE5rrlNz784r1/VZkwVyRI5JlbjkklyTW9IgTcLII3klb+Td+rA+rS9r/Du6Ys12DskcrO8fqkCmQA==</latexit><latexit sha1_base64="xd3LiL5QT0f4WDHujTGDTvdZiHk=">AAACKHicbVDLTsJAFJ36RERFXbppJCasSOsjujS4cYmJIAklZDq9hZHptJm5VUnTf3Crn+DXuDNs/RIHZCHgSSY5OefezD3HTwTX6Dhja2V1bX1js7BV3C7t7O6V9w9aOk4VgyaLRazaPtUguIQmchTQThTQyBfw4A9vJv7DEyjNY3mPowS6Ee1LHnJG0Uit0KvzfrVXrjg1Zwp7mbgzUiEzNHr7VskLYpZGIJEJqnXHdRLsZlQhZwLyopdqSCgb0j50DJU0At3Npufm9olRAjuMlXkS7an6dyOjkdajyDeTEcWBXvQm4n9eJ8XwqptxmaQIkv1+FKbCxtieZLcDroChGBlCmeLmVpsNqKIMTUNFT4OpT/ZxkHkJVVwGJl2emWD5nIfwgs88MDdkZ7ULLvOi6c9dbGuZtE5rrlNz784r1/VZkwVyRI5JlbjkklyTW9IgTcLII3klb+Td+rA+rS9r/Du6Ys12DskcrO8fqkCmQA==</latexit><latexit sha1_base64="xd3LiL5QT0f4WDHujTGDTvdZiHk=">AAACKHicbVDLTsJAFJ36RERFXbppJCasSOsjujS4cYmJIAklZDq9hZHptJm5VUnTf3Crn+DXuDNs/RIHZCHgSSY5OefezD3HTwTX6Dhja2V1bX1js7BV3C7t7O6V9w9aOk4VgyaLRazaPtUguIQmchTQThTQyBfw4A9vJv7DEyjNY3mPowS6Ee1LHnJG0Uit0KvzfrVXrjg1Zwp7mbgzUiEzNHr7VskLYpZGIJEJqnXHdRLsZlQhZwLyopdqSCgb0j50DJU0At3Npufm9olRAjuMlXkS7an6dyOjkdajyDeTEcWBXvQm4n9eJ8XwqptxmaQIkv1+FKbCxtieZLcDroChGBlCmeLmVpsNqKIMTUNFT4OpT/ZxkHkJVVwGJl2emWD5nIfwgs88MDdkZ7ULLvOi6c9dbGuZtE5rrlNz784r1/VZkwVyRI5JlbjkklyTW9IgTcLII3klb+Td+rA+rS9r/Du6Ys12DskcrO8fqkCmQA==</latexit>

=<latexit sha1_base64="VAi0NlAUPSFUvTiBxkR7GIey08U=">AAACI3icbVDLSsNAFJ3UV61VW126CRbBVUl8oBuh6MZlC/YBbSmTyW07dDIJMzdqCfkCt/oJfo07cePCf3H6WNjWAwOHc+5l7jleJLhGx/m2MmvrG5tb2e3cTn53b79QPGjoMFYM6iwUoWp5VIPgEurIUUArUkADT0DTG91N/OYjKM1D+YDjCLoBHUje54yikWo3vULJKTtT2KvEnZMSmaPaK1r5jh+yOACJTFCt264TYTehCjkTkOY6sYaIshEdQNtQSQPQ3WR6aWqfGMW3+6EyT6I9Vf9uJDTQehx4ZjKgONTL3kT8z2vH2L/uJlxGMYJks4/6sbAxtCexbZ8rYCjGhlCmuLnVZkOqKENTTq6jwTQnBzhMOhFVXPomXZqYYOmCh/CMT9w3NyTn5Usu05zpz11ua5U0zsquU3ZrF6XK7bzJLDkix+SUuOSKVMg9qZI6YQTIC3klb9a79WF9Wl+z0Yw13zkkC7B+fgHeZ6RP</latexit><latexit sha1_base64="VAi0NlAUPSFUvTiBxkR7GIey08U=">AAACI3icbVDLSsNAFJ3UV61VW126CRbBVUl8oBuh6MZlC/YBbSmTyW07dDIJMzdqCfkCt/oJfo07cePCf3H6WNjWAwOHc+5l7jleJLhGx/m2MmvrG5tb2e3cTn53b79QPGjoMFYM6iwUoWp5VIPgEurIUUArUkADT0DTG91N/OYjKM1D+YDjCLoBHUje54yikWo3vULJKTtT2KvEnZMSmaPaK1r5jh+yOACJTFCt264TYTehCjkTkOY6sYaIshEdQNtQSQPQ3WR6aWqfGMW3+6EyT6I9Vf9uJDTQehx4ZjKgONTL3kT8z2vH2L/uJlxGMYJks4/6sbAxtCexbZ8rYCjGhlCmuLnVZkOqKENTTq6jwTQnBzhMOhFVXPomXZqYYOmCh/CMT9w3NyTn5Usu05zpz11ua5U0zsquU3ZrF6XK7bzJLDkix+SUuOSKVMg9qZI6YQTIC3klb9a79WF9Wl+z0Yw13zkkC7B+fgHeZ6RP</latexit><latexit sha1_base64="VAi0NlAUPSFUvTiBxkR7GIey08U=">AAACI3icbVDLSsNAFJ3UV61VW126CRbBVUl8oBuh6MZlC/YBbSmTyW07dDIJMzdqCfkCt/oJfo07cePCf3H6WNjWAwOHc+5l7jleJLhGx/m2MmvrG5tb2e3cTn53b79QPGjoMFYM6iwUoWp5VIPgEurIUUArUkADT0DTG91N/OYjKM1D+YDjCLoBHUje54yikWo3vULJKTtT2KvEnZMSmaPaK1r5jh+yOACJTFCt264TYTehCjkTkOY6sYaIshEdQNtQSQPQ3WR6aWqfGMW3+6EyT6I9Vf9uJDTQehx4ZjKgONTL3kT8z2vH2L/uJlxGMYJks4/6sbAxtCexbZ8rYCjGhlCmuLnVZkOqKENTTq6jwTQnBzhMOhFVXPomXZqYYOmCh/CMT9w3NyTn5Usu05zpz11ua5U0zsquU3ZrF6XK7bzJLDkix+SUuOSKVMg9qZI6YQTIC3klb9a79WF9Wl+z0Yw13zkkC7B+fgHeZ6RP</latexit><latexit sha1_base64="VAi0NlAUPSFUvTiBxkR7GIey08U=">AAACI3icbVDLSsNAFJ3UV61VW126CRbBVUl8oBuh6MZlC/YBbSmTyW07dDIJMzdqCfkCt/oJfo07cePCf3H6WNjWAwOHc+5l7jleJLhGx/m2MmvrG5tb2e3cTn53b79QPGjoMFYM6iwUoWp5VIPgEurIUUArUkADT0DTG91N/OYjKM1D+YDjCLoBHUje54yikWo3vULJKTtT2KvEnZMSmaPaK1r5jh+yOACJTFCt264TYTehCjkTkOY6sYaIshEdQNtQSQPQ3WR6aWqfGMW3+6EyT6I9Vf9uJDTQehx4ZjKgONTL3kT8z2vH2L/uJlxGMYJks4/6sbAxtCexbZ8rYCjGhlCmuLnVZkOqKENTTq6jwTQnBzhMOhFVXPomXZqYYOmCh/CMT9w3NyTn5Usu05zpz11ua5U0zsquU3ZrF6XK7bzJLDkix+SUuOSKVMg9qZI6YQTIC3klb9a79WF9Wl+z0Yw13zkkC7B+fgHeZ6RP</latexit>

⌘

<latexit sha1_base64="7KXorDshpybo0QD/hFwdzg5ymOI=">AAACJ3icbVDLSsNAFJ3UV42vqks3wSLopiQ+0KXUjUsF+4AmlMnkth2cTMLMjVpCvsGtfoJf40506Z84rV3Y1gMDh3PuZe45YSq4Rtf9skoLi0vLK+VVe219Y3Orsr3T1EmmGDRYIhLVDqkGwSU0kKOAdqqAxqGAVnh/NfJbD6A0T+QdDlMIYtqXvMcZRSM1/DrvH3UrVbfmjuHME29CqmSCm+62te5HCctikMgE1brjuSkGOVXImYDC9jMNKWX3tA8dQyWNQQf5+NrCOTBK5PQSZZ5EZ6z+3chprPUwDs1kTHGgZ72R+J/XybB3EeRcphmCZL8f9TLhYOKMojsRV8BQDA2hTHFzq8MGVFGGpiDb12Dak30c5H5KFZeRSVfkJlgx5SE84SOPzA35Se2My8I2/Xmzbc2T5nHNc2ve7Wn1sj5pskz2yD45JB45J5fkmtyQBmGEk2fyQl6tN+vd+rA+f0dL1mRnl0zB+v4B0rGl0Q==</latexit><latexit sha1_base64="7KXorDshpybo0QD/hFwdzg5ymOI=">AAACJ3icbVDLSsNAFJ3UV42vqks3wSLopiQ+0KXUjUsF+4AmlMnkth2cTMLMjVpCvsGtfoJf40506Z84rV3Y1gMDh3PuZe45YSq4Rtf9skoLi0vLK+VVe219Y3Orsr3T1EmmGDRYIhLVDqkGwSU0kKOAdqqAxqGAVnh/NfJbD6A0T+QdDlMIYtqXvMcZRSM1/DrvH3UrVbfmjuHME29CqmSCm+62te5HCctikMgE1brjuSkGOVXImYDC9jMNKWX3tA8dQyWNQQf5+NrCOTBK5PQSZZ5EZ6z+3chprPUwDs1kTHGgZ72R+J/XybB3EeRcphmCZL8f9TLhYOKMojsRV8BQDA2hTHFzq8MGVFGGpiDb12Dak30c5H5KFZeRSVfkJlgx5SE84SOPzA35Se2My8I2/Xmzbc2T5nHNc2ve7Wn1sj5pskz2yD45JB45J5fkmtyQBmGEk2fyQl6tN+vd+rA+f0dL1mRnl0zB+v4B0rGl0Q==</latexit><latexit sha1_base64="7KXorDshpybo0QD/hFwdzg5ymOI=">AAACJ3icbVDLSsNAFJ3UV42vqks3wSLopiQ+0KXUjUsF+4AmlMnkth2cTMLMjVpCvsGtfoJf40506Z84rV3Y1gMDh3PuZe45YSq4Rtf9skoLi0vLK+VVe219Y3Orsr3T1EmmGDRYIhLVDqkGwSU0kKOAdqqAxqGAVnh/NfJbD6A0T+QdDlMIYtqXvMcZRSM1/DrvH3UrVbfmjuHME29CqmSCm+62te5HCctikMgE1brjuSkGOVXImYDC9jMNKWX3tA8dQyWNQQf5+NrCOTBK5PQSZZ5EZ6z+3chprPUwDs1kTHGgZ72R+J/XybB3EeRcphmCZL8f9TLhYOKMojsRV8BQDA2hTHFzq8MGVFGGpiDb12Dak30c5H5KFZeRSVfkJlgx5SE84SOPzA35Se2My8I2/Xmzbc2T5nHNc2ve7Wn1sj5pskz2yD45JB45J5fkmtyQBmGEk2fyQl6tN+vd+rA+f0dL1mRnl0zB+v4B0rGl0Q==</latexit><latexit sha1_base64="7KXorDshpybo0QD/hFwdzg5ymOI=">AAACJ3icbVDLSsNAFJ3UV42vqks3wSLopiQ+0KXUjUsF+4AmlMnkth2cTMLMjVpCvsGtfoJf40506Z84rV3Y1gMDh3PuZe45YSq4Rtf9skoLi0vLK+VVe219Y3Orsr3T1EmmGDRYIhLVDqkGwSU0kKOAdqqAxqGAVnh/NfJbD6A0T+QdDlMIYtqXvMcZRSM1/DrvH3UrVbfmjuHME29CqmSCm+62te5HCctikMgE1brjuSkGOVXImYDC9jMNKWX3tA8dQyWNQQf5+NrCOTBK5PQSZZ5EZ6z+3chprPUwDs1kTHGgZ72R+J/XybB3EeRcphmCZL8f9TLhYOKMojsRV8BQDA2hTHFzq8MGVFGGpiDb12Dak30c5H5KFZeRSVfkJlgx5SE84SOPzA35Se2My8I2/Xmzbc2T5nHNc2ve7Wn1sj5pskz2yD45JB45J5fkmtyQBmGEk2fyQl6tN+vd+rA+f0dL1mRnl0zB+v4B0rGl0Q==</latexit>

A deep linear 
model

deep linear 
coefficients

simple feature 
transformation

(Alvarez et al. 2018)
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Deep locally linear models

locally linear “witness”



‣ A self-explaining architecture from a deep linear model 

‣ We can regularize the model for local interpretability 

‣ Generalizable beyond linear (monotone, separable)
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A deep linear 
model

deep linear 
coefficients

simple feature 
transformation

(Alvarez et al. 2018)

R(✓) = krf(x)� ✓(x)TJh;xk2
<latexit sha1_base64="/iADUi7aRb9UD2Rsck3JbcFLUrc="></latexit><latexit sha1_base64="/iADUi7aRb9UD2Rsck3JbcFLUrc="></latexit><latexit sha1_base64="/iADUi7aRb9UD2Rsck3JbcFLUrc="></latexit><latexit sha1_base64="/iADUi7aRb9UD2Rsck3JbcFLUrc="></latexit>

Deep locally linear models



‣ A self-explaining architecture from a deep linear model
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Figure 2: Left: The effect of gradient-regularization on explanation stability. The unregularized version (second row)
produces highly variable, sometimes contradictory, explanations for slight perturbations of the same input. The regularized
version (� = 2 ⇥ 10�4) provides substantially more robust explanations. Right: Prototypes for the 6 learnt concepts (rows).

Figure 3: Explanation consistency for a SENN predictor on
MNIST with 20 concepts and regularization � = 1 ⇥ 10�4.

5.3. MNIST

We observed that any reasonable choice of parameters in
our model leads to very low test prediction error (< 3%).
Since these variations are within the margin of error, we
focus here instead on the evaluation of explanations for
this dataset. We first evaluate SENN models trained on the
MNIST dataset in terms of consistency (c.f. Section 5.2.2).
The relevance scores and concept importance as measured
by probability drop for a single prediction is shown in Fig-
ure 3. We compute these profiles over the full test set and
measure their discrepancy using label ranking loss. The
improvement in mean ranking loss (from 26% to 54%) ob-
tained by adding regularization shows that the proposed
gradient penalty indeed enforces faithfulness of the ✓(x)i’s
as relevance scores.

Next, we investigate the stability of the relevance scores.
Figure 2 shows a randomly selected input and the explana-
tions produced by two version of our model for 5 random
and one adversarial perturbation (the maximizer of (10)).

Figure 4: Effect of gradient regularization on prediction per-
formance and local consistency (as per (11) and (10), respec-
tively) on the COMPAS (left) and Cancer (right) datasets.

5.4. COMPAS predictions

With default parameters, our SENNmodel achieves an ac-
curacy of 82.02% on the test set, compared to 78.54% for
a baseline logistic classification model. The relatively low
performance of both methods is due to the problem of in-
consistent examples mentioned above. Since most of the
variables in this dataset are discrete, and continuous per-
turbations are not really meaningful, we use the discrete
version of the local difference-bounding condition (11) to
quantify consistency. We compare this quantity and the task
accuracy for various regularization parameters in Figure 5.
As expected, larger values of � are correlated with lower
variation bounds, at the expense of slightly worse prediction
performance. Next, we qualitatively evaluate the consis-
tency of the two model’s explanations for similar examples
on the test set. Following the inspiration of Propublica’s
original study (racial bias), we choose two examples which
have identical values for all variables except the (boolean)
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Figure 2: Left: The effect of gradient-regularization on explanation stability. The unregularized version (second row)
produces highly variable, sometimes contradictory, explanations for slight perturbations of the same input. The regularized
version (� = 2 ⇥ 10�4) provides substantially more robust explanations. Right: Prototypes for the 6 learnt concepts (rows).
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Figure 2: Left: The effect of gradient-regularization on explanation stability. The unregularized version (second row)
produces highly variable, sometimes contradictory, explanations for slight perturbations of the same input. The regularized
version (� = 2 ⇥ 10�4) provides substantially more robust explanations. Right: Prototypes for the 6 learnt concepts (rows).
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performance of both methods is due to the problem of in-
consistent examples mentioned above. Since most of the
variables in this dataset are discrete, and continuous per-
turbations are not really meaningful, we use the discrete
version of the local difference-bounding condition (11) to
quantify consistency. We compare this quantity and the task
accuracy for various regularization parameters in Figure 5.
As expected, larger values of � are correlated with lower
variation bounds, at the expense of slightly worse prediction
performance. Next, we qualitatively evaluate the consis-
tency of the two model’s explanations for similar examples
on the test set. Following the inspiration of Propublica’s
original study (racial bias), we choose two examples which
have identical values for all variables except the (boolean)
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Figure 2: Left: The effect of gradient-regularization on explanation stability. The unregularized version (second row)
produces highly variable, sometimes contradictory, explanations for slight perturbations of the same input. The regularized
version (� = 2 ⇥ 10�4) provides substantially more robust explanations. Right: Prototypes for the 6 learnt concepts (rows).
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5.3. MNIST

We observed that any reasonable choice of parameters in
our model leads to very low test prediction error (< 3%).
Since these variations are within the margin of error, we
focus here instead on the evaluation of explanations for
this dataset. We first evaluate SENN models trained on the
MNIST dataset in terms of consistency (c.f. Section 5.2.2).
The relevance scores and concept importance as measured
by probability drop for a single prediction is shown in Fig-
ure 3. We compute these profiles over the full test set and
measure their discrepancy using label ranking loss. The
improvement in mean ranking loss (from 26% to 54%) ob-
tained by adding regularization shows that the proposed
gradient penalty indeed enforces faithfulness of the ✓(x)i’s
as relevance scores.

Next, we investigate the stability of the relevance scores.
Figure 2 shows a randomly selected input and the explana-
tions produced by two version of our model for 5 random
and one adversarial perturbation (the maximizer of (10)).
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With default parameters, our SENNmodel achieves an ac-
curacy of 82.02% on the test set, compared to 78.54% for
a baseline logistic classification model. The relatively low
performance of both methods is due to the problem of in-
consistent examples mentioned above. Since most of the
variables in this dataset are discrete, and continuous per-
turbations are not really meaningful, we use the discrete
version of the local difference-bounding condition (11) to
quantify consistency. We compare this quantity and the task
accuracy for various regularization parameters in Figure 5.
As expected, larger values of � are correlated with lower
variation bounds, at the expense of slightly worse prediction
performance. Next, we qualitatively evaluate the consis-
tency of the two model’s explanations for similar examples
on the test set. Following the inspiration of Propublica’s
original study (racial bias), we choose two examples which
have identical values for all variables except the (boolean)
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Deep locally linear models



Expanding linear regions
‣ E.g., a ReLU network (locally linear)
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Expanding linear regions
‣ E.g., a ReLU network (locally linear)
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<latexit sha1_base64="NiJdfvunrs6XwM6INLmVW7oRbrE=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyoAs3Ygv2Ap1SzqSnbWgmMyQZsQx9Arf6OD6Ia3fi1r1pO4K24oHAx3/+JOf8fsSZ0o7zai0sLi2vrGbWsusbm1vbufxOTYWxpFilIQ9lwweFnAmsaqY5NiKJEPgc6/7gctyv36NULBR3ehhhK4CeYF1GQRupMmznCk7RmZQ9D24KBZJWuZ23DrxOSOMAhaYclGq6TqRbCUjNKMdR1osVRkAH0MOmQQEBqlYymXRkHxqlY3dDaY7Q9kT9eSOBQKlh4BtnALqvZntj8a9eM9bdi1bCRBRrFHT6UTfmtg7t8dp2h0mkmg8NAJXMzGrTPkig2oST9a7Q7CLxxrx7G6EEHcrjxAPZC+BhZHbreSdj+s/IxLfRUNbk6s6mOA+106JruHJWKJXShDNkj+yTI+KSc1Ii16RMqoQSJI/kiTxbL9ab9W59TK0LVnpnl/wq6/MLuiKtvg==</latexit><latexit sha1_base64="NiJdfvunrs6XwM6INLmVW7oRbrE=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyoAs3Ygv2Ap1SzqSnbWgmMyQZsQx9Arf6OD6Ia3fi1r1pO4K24oHAx3/+JOf8fsSZ0o7zai0sLi2vrGbWsusbm1vbufxOTYWxpFilIQ9lwweFnAmsaqY5NiKJEPgc6/7gctyv36NULBR3ehhhK4CeYF1GQRupMmznCk7RmZQ9D24KBZJWuZ23DrxOSOMAhaYclGq6TqRbCUjNKMdR1osVRkAH0MOmQQEBqlYymXRkHxqlY3dDaY7Q9kT9eSOBQKlh4BtnALqvZntj8a9eM9bdi1bCRBRrFHT6UTfmtg7t8dp2h0mkmg8NAJXMzGrTPkig2oST9a7Q7CLxxrx7G6EEHcrjxAPZC+BhZHbreSdj+s/IxLfRUNbk6s6mOA+106JruHJWKJXShDNkj+yTI+KSc1Ii16RMqoQSJI/kiTxbL9ab9W59TK0LVnpnl/wq6/MLuiKtvg==</latexit><latexit sha1_base64="NiJdfvunrs6XwM6INLmVW7oRbrE=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyoAs3Ygv2Ap1SzqSnbWgmMyQZsQx9Arf6OD6Ia3fi1r1pO4K24oHAx3/+JOf8fsSZ0o7zai0sLi2vrGbWsusbm1vbufxOTYWxpFilIQ9lwweFnAmsaqY5NiKJEPgc6/7gctyv36NULBR3ehhhK4CeYF1GQRupMmznCk7RmZQ9D24KBZJWuZ23DrxOSOMAhaYclGq6TqRbCUjNKMdR1osVRkAH0MOmQQEBqlYymXRkHxqlY3dDaY7Q9kT9eSOBQKlh4BtnALqvZntj8a9eM9bdi1bCRBRrFHT6UTfmtg7t8dp2h0mkmg8NAJXMzGrTPkig2oST9a7Q7CLxxrx7G6EEHcrjxAPZC+BhZHbreSdj+s/IxLfRUNbk6s6mOA+106JruHJWKJXShDNkj+yTI+KSc1Ii16RMqoQSJI/kiTxbL9ab9W59TK0LVnpnl/wq6/MLuiKtvg==</latexit><latexit sha1_base64="NiJdfvunrs6XwM6INLmVW7oRbrE=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyoAs3Ygv2Ap1SzqSnbWgmMyQZsQx9Arf6OD6Ia3fi1r1pO4K24oHAx3/+JOf8fsSZ0o7zai0sLi2vrGbWsusbm1vbufxOTYWxpFilIQ9lwweFnAmsaqY5NiKJEPgc6/7gctyv36NULBR3ehhhK4CeYF1GQRupMmznCk7RmZQ9D24KBZJWuZ23DrxOSOMAhaYclGq6TqRbCUjNKMdR1osVRkAH0MOmQQEBqlYymXRkHxqlY3dDaY7Q9kT9eSOBQKlh4BtnALqvZntj8a9eM9bdi1bCRBRrFHT6UTfmtg7t8dp2h0mkmg8NAJXMzGrTPkig2oST9a7Q7CLxxrx7G6EEHcrjxAPZC+BhZHbreSdj+s/IxLfRUNbk6s6mOA+106JruHJWKJXShDNkj+yTI+KSc1Ii16RMqoQSJI/kiTxbL9ab9W59TK0LVnpnl/wq6/MLuiKtvg==</latexit>

…

…

…

‣ “activation pattern”



Expanding linear regions
‣ E.g., a ReLU network (locally linear)

x
<latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit>

y
<latexit sha1_base64="NiJdfvunrs6XwM6INLmVW7oRbrE=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyoAs3Ygv2Ap1SzqSnbWgmMyQZsQx9Arf6OD6Ia3fi1r1pO4K24oHAx3/+JOf8fsSZ0o7zai0sLi2vrGbWsusbm1vbufxOTYWxpFilIQ9lwweFnAmsaqY5NiKJEPgc6/7gctyv36NULBR3ehhhK4CeYF1GQRupMmznCk7RmZQ9D24KBZJWuZ23DrxOSOMAhaYclGq6TqRbCUjNKMdR1osVRkAH0MOmQQEBqlYymXRkHxqlY3dDaY7Q9kT9eSOBQKlh4BtnALqvZntj8a9eM9bdi1bCRBRrFHT6UTfmtg7t8dp2h0mkmg8NAJXMzGrTPkig2oST9a7Q7CLxxrx7G6EEHcrjxAPZC+BhZHbreSdj+s/IxLfRUNbk6s6mOA+106JruHJWKJXShDNkj+yTI+KSc1Ii16RMqoQSJI/kiTxbL9ab9W59TK0LVnpnl/wq6/MLuiKtvg==</latexit><latexit sha1_base64="NiJdfvunrs6XwM6INLmVW7oRbrE=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyoAs3Ygv2Ap1SzqSnbWgmMyQZsQx9Arf6OD6Ia3fi1r1pO4K24oHAx3/+JOf8fsSZ0o7zai0sLi2vrGbWsusbm1vbufxOTYWxpFilIQ9lwweFnAmsaqY5NiKJEPgc6/7gctyv36NULBR3ehhhK4CeYF1GQRupMmznCk7RmZQ9D24KBZJWuZ23DrxOSOMAhaYclGq6TqRbCUjNKMdR1osVRkAH0MOmQQEBqlYymXRkHxqlY3dDaY7Q9kT9eSOBQKlh4BtnALqvZntj8a9eM9bdi1bCRBRrFHT6UTfmtg7t8dp2h0mkmg8NAJXMzGrTPkig2oST9a7Q7CLxxrx7G6EEHcrjxAPZC+BhZHbreSdj+s/IxLfRUNbk6s6mOA+106JruHJWKJXShDNkj+yTI+KSc1Ii16RMqoQSJI/kiTxbL9ab9W59TK0LVnpnl/wq6/MLuiKtvg==</latexit><latexit sha1_base64="NiJdfvunrs6XwM6INLmVW7oRbrE=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyoAs3Ygv2Ap1SzqSnbWgmMyQZsQx9Arf6OD6Ia3fi1r1pO4K24oHAx3/+JOf8fsSZ0o7zai0sLi2vrGbWsusbm1vbufxOTYWxpFilIQ9lwweFnAmsaqY5NiKJEPgc6/7gctyv36NULBR3ehhhK4CeYF1GQRupMmznCk7RmZQ9D24KBZJWuZ23DrxOSOMAhaYclGq6TqRbCUjNKMdR1osVRkAH0MOmQQEBqlYymXRkHxqlY3dDaY7Q9kT9eSOBQKlh4BtnALqvZntj8a9eM9bdi1bCRBRrFHT6UTfmtg7t8dp2h0mkmg8NAJXMzGrTPkig2oST9a7Q7CLxxrx7G6EEHcrjxAPZC+BhZHbreSdj+s/IxLfRUNbk6s6mOA+106JruHJWKJXShDNkj+yTI+KSc1Ii16RMqoQSJI/kiTxbL9ab9W59TK0LVnpnl/wq6/MLuiKtvg==</latexit><latexit sha1_base64="NiJdfvunrs6XwM6INLmVW7oRbrE=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyoAs3Ygv2Ap1SzqSnbWgmMyQZsQx9Arf6OD6Ia3fi1r1pO4K24oHAx3/+JOf8fsSZ0o7zai0sLi2vrGbWsusbm1vbufxOTYWxpFilIQ9lwweFnAmsaqY5NiKJEPgc6/7gctyv36NULBR3ehhhK4CeYF1GQRupMmznCk7RmZQ9D24KBZJWuZ23DrxOSOMAhaYclGq6TqRbCUjNKMdR1osVRkAH0MOmQQEBqlYymXRkHxqlY3dDaY7Q9kT9eSOBQKlh4BtnALqvZntj8a9eM9bdi1bCRBRrFHT6UTfmtg7t8dp2h0mkmg8NAJXMzGrTPkig2oST9a7Q7CLxxrx7G6EEHcrjxAPZC+BhZHbreSdj+s/IxLfRUNbk6s6mOA+106JruHJWKJXShDNkj+yTI+KSc1Ii16RMqoQSJI/kiTxbL9ab9W59TK0LVnpnl/wq6/MLuiKtvg==</latexit>

…

…

…

x
<latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit>

‣ “activation pattern”



Expanding linear regions
‣ E.g., a ReLU network (locally linear)

x
<latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit>

y
<latexit sha1_base64="NiJdfvunrs6XwM6INLmVW7oRbrE=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyoAs3Ygv2Ap1SzqSnbWgmMyQZsQx9Arf6OD6Ia3fi1r1pO4K24oHAx3/+JOf8fsSZ0o7zai0sLi2vrGbWsusbm1vbufxOTYWxpFilIQ9lwweFnAmsaqY5NiKJEPgc6/7gctyv36NULBR3ehhhK4CeYF1GQRupMmznCk7RmZQ9D24KBZJWuZ23DrxOSOMAhaYclGq6TqRbCUjNKMdR1osVRkAH0MOmQQEBqlYymXRkHxqlY3dDaY7Q9kT9eSOBQKlh4BtnALqvZntj8a9eM9bdi1bCRBRrFHT6UTfmtg7t8dp2h0mkmg8NAJXMzGrTPkig2oST9a7Q7CLxxrx7G6EEHcrjxAPZC+BhZHbreSdj+s/IxLfRUNbk6s6mOA+106JruHJWKJXShDNkj+yTI+KSc1Ii16RMqoQSJI/kiTxbL9ab9W59TK0LVnpnl/wq6/MLuiKtvg==</latexit><latexit sha1_base64="NiJdfvunrs6XwM6INLmVW7oRbrE=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyoAs3Ygv2Ap1SzqSnbWgmMyQZsQx9Arf6OD6Ia3fi1r1pO4K24oHAx3/+JOf8fsSZ0o7zai0sLi2vrGbWsusbm1vbufxOTYWxpFilIQ9lwweFnAmsaqY5NiKJEPgc6/7gctyv36NULBR3ehhhK4CeYF1GQRupMmznCk7RmZQ9D24KBZJWuZ23DrxOSOMAhaYclGq6TqRbCUjNKMdR1osVRkAH0MOmQQEBqlYymXRkHxqlY3dDaY7Q9kT9eSOBQKlh4BtnALqvZntj8a9eM9bdi1bCRBRrFHT6UTfmtg7t8dp2h0mkmg8NAJXMzGrTPkig2oST9a7Q7CLxxrx7G6EEHcrjxAPZC+BhZHbreSdj+s/IxLfRUNbk6s6mOA+106JruHJWKJXShDNkj+yTI+KSc1Ii16RMqoQSJI/kiTxbL9ab9W59TK0LVnpnl/wq6/MLuiKtvg==</latexit><latexit sha1_base64="NiJdfvunrs6XwM6INLmVW7oRbrE=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyoAs3Ygv2Ap1SzqSnbWgmMyQZsQx9Arf6OD6Ia3fi1r1pO4K24oHAx3/+JOf8fsSZ0o7zai0sLi2vrGbWsusbm1vbufxOTYWxpFilIQ9lwweFnAmsaqY5NiKJEPgc6/7gctyv36NULBR3ehhhK4CeYF1GQRupMmznCk7RmZQ9D24KBZJWuZ23DrxOSOMAhaYclGq6TqRbCUjNKMdR1osVRkAH0MOmQQEBqlYymXRkHxqlY3dDaY7Q9kT9eSOBQKlh4BtnALqvZntj8a9eM9bdi1bCRBRrFHT6UTfmtg7t8dp2h0mkmg8NAJXMzGrTPkig2oST9a7Q7CLxxrx7G6EEHcrjxAPZC+BhZHbreSdj+s/IxLfRUNbk6s6mOA+106JruHJWKJXShDNkj+yTI+KSc1Ii16RMqoQSJI/kiTxbL9ab9W59TK0LVnpnl/wq6/MLuiKtvg==</latexit><latexit sha1_base64="NiJdfvunrs6XwM6INLmVW7oRbrE=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyoAs3Ygv2Ap1SzqSnbWgmMyQZsQx9Arf6OD6Ia3fi1r1pO4K24oHAx3/+JOf8fsSZ0o7zai0sLi2vrGbWsusbm1vbufxOTYWxpFilIQ9lwweFnAmsaqY5NiKJEPgc6/7gctyv36NULBR3ehhhK4CeYF1GQRupMmznCk7RmZQ9D24KBZJWuZ23DrxOSOMAhaYclGq6TqRbCUjNKMdR1osVRkAH0MOmQQEBqlYymXRkHxqlY3dDaY7Q9kT9eSOBQKlh4BtnALqvZntj8a9eM9bdi1bCRBRrFHT6UTfmtg7t8dp2h0mkmg8NAJXMzGrTPkig2oST9a7Q7CLxxrx7G6EEHcrjxAPZC+BhZHbreSdj+s/IxLfRUNbk6s6mOA+106JruHJWKJXShDNkj+yTI+KSc1Ii16RMqoQSJI/kiTxbL9ab9W59TK0LVnpnl/wq6/MLuiKtvg==</latexit>

…

…

…

x
<latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit>

‣ “activation pattern”



Expanding linear regions
‣ E.g., a ReLU network (locally linear)

x
<latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit>

y
<latexit sha1_base64="NiJdfvunrs6XwM6INLmVW7oRbrE=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyoAs3Ygv2Ap1SzqSnbWgmMyQZsQx9Arf6OD6Ia3fi1r1pO4K24oHAx3/+JOf8fsSZ0o7zai0sLi2vrGbWsusbm1vbufxOTYWxpFilIQ9lwweFnAmsaqY5NiKJEPgc6/7gctyv36NULBR3ehhhK4CeYF1GQRupMmznCk7RmZQ9D24KBZJWuZ23DrxOSOMAhaYclGq6TqRbCUjNKMdR1osVRkAH0MOmQQEBqlYymXRkHxqlY3dDaY7Q9kT9eSOBQKlh4BtnALqvZntj8a9eM9bdi1bCRBRrFHT6UTfmtg7t8dp2h0mkmg8NAJXMzGrTPkig2oST9a7Q7CLxxrx7G6EEHcrjxAPZC+BhZHbreSdj+s/IxLfRUNbk6s6mOA+106JruHJWKJXShDNkj+yTI+KSc1Ii16RMqoQSJI/kiTxbL9ab9W59TK0LVnpnl/wq6/MLuiKtvg==</latexit><latexit sha1_base64="NiJdfvunrs6XwM6INLmVW7oRbrE=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyoAs3Ygv2Ap1SzqSnbWgmMyQZsQx9Arf6OD6Ia3fi1r1pO4K24oHAx3/+JOf8fsSZ0o7zai0sLi2vrGbWsusbm1vbufxOTYWxpFilIQ9lwweFnAmsaqY5NiKJEPgc6/7gctyv36NULBR3ehhhK4CeYF1GQRupMmznCk7RmZQ9D24KBZJWuZ23DrxOSOMAhaYclGq6TqRbCUjNKMdR1osVRkAH0MOmQQEBqlYymXRkHxqlY3dDaY7Q9kT9eSOBQKlh4BtnALqvZntj8a9eM9bdi1bCRBRrFHT6UTfmtg7t8dp2h0mkmg8NAJXMzGrTPkig2oST9a7Q7CLxxrx7G6EEHcrjxAPZC+BhZHbreSdj+s/IxLfRUNbk6s6mOA+106JruHJWKJXShDNkj+yTI+KSc1Ii16RMqoQSJI/kiTxbL9ab9W59TK0LVnpnl/wq6/MLuiKtvg==</latexit><latexit sha1_base64="NiJdfvunrs6XwM6INLmVW7oRbrE=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyoAs3Ygv2Ap1SzqSnbWgmMyQZsQx9Arf6OD6Ia3fi1r1pO4K24oHAx3/+JOf8fsSZ0o7zai0sLi2vrGbWsusbm1vbufxOTYWxpFilIQ9lwweFnAmsaqY5NiKJEPgc6/7gctyv36NULBR3ehhhK4CeYF1GQRupMmznCk7RmZQ9D24KBZJWuZ23DrxOSOMAhaYclGq6TqRbCUjNKMdR1osVRkAH0MOmQQEBqlYymXRkHxqlY3dDaY7Q9kT9eSOBQKlh4BtnALqvZntj8a9eM9bdi1bCRBRrFHT6UTfmtg7t8dp2h0mkmg8NAJXMzGrTPkig2oST9a7Q7CLxxrx7G6EEHcrjxAPZC+BhZHbreSdj+s/IxLfRUNbk6s6mOA+106JruHJWKJXShDNkj+yTI+KSc1Ii16RMqoQSJI/kiTxbL9ab9W59TK0LVnpnl/wq6/MLuiKtvg==</latexit><latexit sha1_base64="NiJdfvunrs6XwM6INLmVW7oRbrE=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyoAs3Ygv2Ap1SzqSnbWgmMyQZsQx9Arf6OD6Ia3fi1r1pO4K24oHAx3/+JOf8fsSZ0o7zai0sLi2vrGbWsusbm1vbufxOTYWxpFilIQ9lwweFnAmsaqY5NiKJEPgc6/7gctyv36NULBR3ehhhK4CeYF1GQRupMmznCk7RmZQ9D24KBZJWuZ23DrxOSOMAhaYclGq6TqRbCUjNKMdR1osVRkAH0MOmQQEBqlYymXRkHxqlY3dDaY7Q9kT9eSOBQKlh4BtnALqvZntj8a9eM9bdi1bCRBRrFHT6UTfmtg7t8dp2h0mkmg8NAJXMzGrTPkig2oST9a7Q7CLxxrx7G6EEHcrjxAPZC+BhZHbreSdj+s/IxLfRUNbk6s6mOA+106JruHJWKJXShDNkj+yTI+KSc1Ii16RMqoQSJI/kiTxbL9ab9W59TK0LVnpnl/wq6/MLuiKtvg==</latexit>

…

…

…

x
<latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit>

‣ we can learn the network so 
as to encourage large linear 
regions (gradient stability)

‣ “activation pattern”



Expanding linear regions
‣ We can aim to maximize the margin for each neuron

…

…

x
<latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit>

…

zi
<latexit sha1_base64="RtjtbI5K1uljoHB8SClGzo3A2nQ=">AAACPXicfZDLSsNAFIYn3q23qks3wSqISElE0GVBF25ERXuBJpST6WkcOpmEmYlYQx/BrT6Oz+EDuBO3bp3WCNqKBwY+/vPPzDl/kHCmtOO8WBOTU9Mzs3PzhYXFpeWV4upaTcWppFilMY9lIwCFnAmsaqY5NhKJEAUc60H3eNCv36JULBbXupegH0EoWIdR0Ea6um+xVrHklJ1h2ePg5lAieV20Vq0trx3TNEKhKQelmq6TaD8DqRnl2C94qcIEaBdCbBoUEKHys+GsfXvbKG27E0tzhLaH6s8bGURK9aLAOCPQN2q0NxD/6jVT3TnyMyaSVKOgXx91Um7r2B4sbreZRKp5zwBQycysNr0BCVSbeAreCZpdJJ6Zd88TlKBjuZt5IMMI7vpmt9DbG9B/Ria+jYYKJld3NMVxqO2XXcOXB6VKJU94jmyQTbJDXHJIKuSUXJAqoSQkD+SRPFnP1qv1Zr1/WSes/M46+VXWxyd30q6b</latexit><latexit sha1_base64="RtjtbI5K1uljoHB8SClGzo3A2nQ=">AAACPXicfZDLSsNAFIYn3q23qks3wSqISElE0GVBF25ERXuBJpST6WkcOpmEmYlYQx/BrT6Oz+EDuBO3bp3WCNqKBwY+/vPPzDl/kHCmtOO8WBOTU9Mzs3PzhYXFpeWV4upaTcWppFilMY9lIwCFnAmsaqY5NhKJEAUc60H3eNCv36JULBbXupegH0EoWIdR0Ea6um+xVrHklJ1h2ePg5lAieV20Vq0trx3TNEKhKQelmq6TaD8DqRnl2C94qcIEaBdCbBoUEKHys+GsfXvbKG27E0tzhLaH6s8bGURK9aLAOCPQN2q0NxD/6jVT3TnyMyaSVKOgXx91Um7r2B4sbreZRKp5zwBQycysNr0BCVSbeAreCZpdJJ6Zd88TlKBjuZt5IMMI7vpmt9DbG9B/Ria+jYYKJld3NMVxqO2XXcOXB6VKJU94jmyQTbJDXHJIKuSUXJAqoSQkD+SRPFnP1qv1Zr1/WSes/M46+VXWxyd30q6b</latexit><latexit sha1_base64="RtjtbI5K1uljoHB8SClGzo3A2nQ=">AAACPXicfZDLSsNAFIYn3q23qks3wSqISElE0GVBF25ERXuBJpST6WkcOpmEmYlYQx/BrT6Oz+EDuBO3bp3WCNqKBwY+/vPPzDl/kHCmtOO8WBOTU9Mzs3PzhYXFpeWV4upaTcWppFilMY9lIwCFnAmsaqY5NhKJEAUc60H3eNCv36JULBbXupegH0EoWIdR0Ea6um+xVrHklJ1h2ePg5lAieV20Vq0trx3TNEKhKQelmq6TaD8DqRnl2C94qcIEaBdCbBoUEKHys+GsfXvbKG27E0tzhLaH6s8bGURK9aLAOCPQN2q0NxD/6jVT3TnyMyaSVKOgXx91Um7r2B4sbreZRKp5zwBQycysNr0BCVSbeAreCZpdJJ6Zd88TlKBjuZt5IMMI7vpmt9DbG9B/Ria+jYYKJld3NMVxqO2XXcOXB6VKJU94jmyQTbJDXHJIKuSUXJAqoSQkD+SRPFnP1qv1Zr1/WSes/M46+VXWxyd30q6b</latexit><latexit sha1_base64="RtjtbI5K1uljoHB8SClGzo3A2nQ=">AAACPXicfZDLSsNAFIYn3q23qks3wSqISElE0GVBF25ERXuBJpST6WkcOpmEmYlYQx/BrT6Oz+EDuBO3bp3WCNqKBwY+/vPPzDl/kHCmtOO8WBOTU9Mzs3PzhYXFpeWV4upaTcWppFilMY9lIwCFnAmsaqY5NhKJEAUc60H3eNCv36JULBbXupegH0EoWIdR0Ea6um+xVrHklJ1h2ePg5lAieV20Vq0trx3TNEKhKQelmq6TaD8DqRnl2C94qcIEaBdCbBoUEKHys+GsfXvbKG27E0tzhLaH6s8bGURK9aLAOCPQN2q0NxD/6jVT3TnyMyaSVKOgXx91Um7r2B4sbreZRKp5zwBQycysNr0BCVSbeAreCZpdJJ6Zd88TlKBjuZt5IMMI7vpmt9DbG9B/Ria+jYYKJld3NMVxqO2XXcOXB6VKJU94jmyQTbJDXHJIKuSUXJAqoSQkD+SRPFnP1qv1Zr1/WSes/M46+VXWxyd30q6b</latexit> rxzi

<latexit sha1_base64="55Hqvpnn/PHmGbCjDI3ZoRZnwKo="></latexit><latexit sha1_base64="55Hqvpnn/PHmGbCjDI3ZoRZnwKo="></latexit><latexit sha1_base64="55Hqvpnn/PHmGbCjDI3ZoRZnwKo="></latexit><latexit sha1_base64="55Hqvpnn/PHmGbCjDI3ZoRZnwKo="></latexit>

effective linear weights 

x
<latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit>



Expanding linear regions
‣ We can aim to maximize the margin for each neuron

…

…

x
<latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit><latexit sha1_base64="t8a3G2RgV0uIRn9AunGzYH4jG08=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXBV24EVuwF+iUciY9bUMzmSHJSMvQJ3Crj+ODuHYnbt2bXgRtxQOBj//8Sc75/YgzpR3n1UotLa+srqXXMxubW9s72dxuVYWxpFihIQ9l3QeFnAmsaKY51iOJEPgca37/atyvPaBULBT3ehhhM4CuYB1GQRupPGhl807BmZS9CO4M8mRWpVbOOvTaIY0DFJpyUKrhOpFuJiA1oxxHGS9WGAHtQxcbBgUEqJrJZNKRfWSUtt0JpTlC2xP1540EAqWGgW+cAeiemu+Nxb96jVh3LpsJE1GsUdDpR52Y2zq0x2vbbSaRaj40AFQyM6tNeyCBahNOxrtGs4vEW/PuXYQSdChPEg9kN4DByOzW9U7H9J+RiW+joYzJ1Z1PcRGqZwXXcPk8XyzOEk6TfXJAjolLLkiR3JASqRBKkDySJ/JsvVhv1rv1MbWmrNmdPfKrrM8vuEutvQ==</latexit>

…

zi
<latexit sha1_base64="RtjtbI5K1uljoHB8SClGzo3A2nQ=">AAACPXicfZDLSsNAFIYn3q23qks3wSqISElE0GVBF25ERXuBJpST6WkcOpmEmYlYQx/BrT6Oz+EDuBO3bp3WCNqKBwY+/vPPzDl/kHCmtOO8WBOTU9Mzs3PzhYXFpeWV4upaTcWppFilMY9lIwCFnAmsaqY5NhKJEAUc60H3eNCv36JULBbXupegH0EoWIdR0Ea6um+xVrHklJ1h2ePg5lAieV20Vq0trx3TNEKhKQelmq6TaD8DqRnl2C94qcIEaBdCbBoUEKHys+GsfXvbKG27E0tzhLaH6s8bGURK9aLAOCPQN2q0NxD/6jVT3TnyMyaSVKOgXx91Um7r2B4sbreZRKp5zwBQycysNr0BCVSbeAreCZpdJJ6Zd88TlKBjuZt5IMMI7vpmt9DbG9B/Ria+jYYKJld3NMVxqO2XXcOXB6VKJU94jmyQTbJDXHJIKuSUXJAqoSQkD+SRPFnP1qv1Zr1/WSes/M46+VXWxyd30q6b</latexit><latexit sha1_base64="RtjtbI5K1uljoHB8SClGzo3A2nQ=">AAACPXicfZDLSsNAFIYn3q23qks3wSqISElE0GVBF25ERXuBJpST6WkcOpmEmYlYQx/BrT6Oz+EDuBO3bp3WCNqKBwY+/vPPzDl/kHCmtOO8WBOTU9Mzs3PzhYXFpeWV4upaTcWppFilMY9lIwCFnAmsaqY5NhKJEAUc60H3eNCv36JULBbXupegH0EoWIdR0Ea6um+xVrHklJ1h2ePg5lAieV20Vq0trx3TNEKhKQelmq6TaD8DqRnl2C94qcIEaBdCbBoUEKHys+GsfXvbKG27E0tzhLaH6s8bGURK9aLAOCPQN2q0NxD/6jVT3TnyMyaSVKOgXx91Um7r2B4sbreZRKp5zwBQycysNr0BCVSbeAreCZpdJJ6Zd88TlKBjuZt5IMMI7vpmt9DbG9B/Ria+jYYKJld3NMVxqO2XXcOXB6VKJU94jmyQTbJDXHJIKuSUXJAqoSQkD+SRPFnP1qv1Zr1/WSes/M46+VXWxyd30q6b</latexit><latexit sha1_base64="RtjtbI5K1uljoHB8SClGzo3A2nQ=">AAACPXicfZDLSsNAFIYn3q23qks3wSqISElE0GVBF25ERXuBJpST6WkcOpmEmYlYQx/BrT6Oz+EDuBO3bp3WCNqKBwY+/vPPzDl/kHCmtOO8WBOTU9Mzs3PzhYXFpeWV4upaTcWppFilMY9lIwCFnAmsaqY5NhKJEAUc60H3eNCv36JULBbXupegH0EoWIdR0Ea6um+xVrHklJ1h2ePg5lAieV20Vq0trx3TNEKhKQelmq6TaD8DqRnl2C94qcIEaBdCbBoUEKHys+GsfXvbKG27E0tzhLaH6s8bGURK9aLAOCPQN2q0NxD/6jVT3TnyMyaSVKOgXx91Um7r2B4sbreZRKp5zwBQycysNr0BCVSbeAreCZpdJJ6Zd88TlKBjuZt5IMMI7vpmt9DbG9B/Ria+jYYKJld3NMVxqO2XXcOXB6VKJU94jmyQTbJDXHJIKuSUXJAqoSQkD+SRPFnP1qv1Zr1/WSes/M46+VXWxyd30q6b</latexit><latexit sha1_base64="RtjtbI5K1uljoHB8SClGzo3A2nQ=">AAACPXicfZDLSsNAFIYn3q23qks3wSqISElE0GVBF25ERXuBJpST6WkcOpmEmYlYQx/BrT6Oz+EDuBO3bp3WCNqKBwY+/vPPzDl/kHCmtOO8WBOTU9Mzs3PzhYXFpeWV4upaTcWppFilMY9lIwCFnAmsaqY5NhKJEAUc60H3eNCv36JULBbXupegH0EoWIdR0Ea6um+xVrHklJ1h2ePg5lAieV20Vq0trx3TNEKhKQelmq6TaD8DqRnl2C94qcIEaBdCbBoUEKHys+GsfXvbKG27E0tzhLaH6s8bGURK9aLAOCPQN2q0NxD/6jVT3TnyMyaSVKOgXx91Um7r2B4sbreZRKp5zwBQycysNr0BCVSbeAreCZpdJJ6Zd88TlKBjuZt5IMMI7vpmt9DbG9B/Ria+jYYKJld3NMVxqO2XXcOXB6VKJU94jmyQTbJDXHJIKuSUXJAqoSQkD+SRPFnP1qv1Zr1/WSes/M46+VXWxyd30q6b</latexit> rxzi

<latexit sha1_base64="55Hqvpnn/PHmGbCjDI3ZoRZnwKo="></latexit><latexit sha1_base64="55Hqvpnn/PHmGbCjDI3ZoRZnwKo="></latexit><latexit sha1_base64="55Hqvpnn/PHmGbCjDI3ZoRZnwKo="></latexit><latexit sha1_base64="55Hqvpnn/PHmGbCjDI3ZoRZnwKo="></latexit>
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Expanding linear regions
‣ We can aim to maximize the margin for each neuron
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Expanding linear regions
‣ We maximize a relaxed margin loss  

‣ A toy example

Under review as a conference paper at ICLR 2019

(a) Vanilla loss (b) Distance regularization (c) Relaxed regularization

Figure 1: Toy Examples. The boundary of each linear region is plotted with line segments, and each
circle indicates the `2 margin ✏̂x,2 around the training point. The prediction heatmap is shown aside
each figure. The gradient is annotated as arrows with length proportional to its `2 norm.

3.3.2 IMPROVING SPARSE LEARNING SIGNALS

Since a linear region is shaped by a set of neurons that are “close” to a given a point, a noticeable
problem of Eq. (7) is that it only focuses on the “closest” neuron, making it hard to scale the effect to
large networks. Hence, we make a generalization to the relaxed loss in Eq. (7) with a set of neurons
that incur high losses to the given point. We denote Î(x, �) as the set of neurons with top � percent
relaxed loss (TSVM loss) on x. The generalized loss is our final objective for learning RObust Local
Linearity (ROLL) and is written as:

min
✓

X

(x,y)2D

L(f✓(x), y) + �

|Î(x, �)|

X

(i,j)2Î(x,�)


krxzijk22 + Cmax(0, 1� |zij |)

�
. (9)

A special case of Eq. (9) is when � = 100 (i.e. Î(x, 100) = I), where the nonlinear sorting step
effectively disappears. Such simple additive structure without a nonlinear sorting step can stabilize
the training process, is simple to parallelize computation, and allows for an approximate learning
algorithm as will be developed in §4.2. Besides, taking � = 100 can induce a strong synergy effect,
as all the gradient norms krxzijk22 in Eq. (9) between any two layers are highly correlated.

4 COMPUTATION, APPROXIMATE LEARNING, AND COMPATIBILITY

4.1 PARALLEL COMPUTATION OF GRADIENTS

The `2 margin ✏̂x,2 and the ROLL loss in Eq. (9) demands heavy computation on gradient norms.
While calling back-propagation |I| times is intractable, we develop a parallel algorithm without
calling a single back-propagation by exploiting the functional structure of f✓.

Given an activation pattern, we know that each hidden neuron zij is also a linear function of x 2 S(x).
We can construct another linear network g✓ that is identical to f✓ in S(x) based on the same set of
parameters but fixed linear activation functions constructed to mimic the behavior of f✓ in S(x).
Due to the linearity of g✓, the derivatives of all the neurons to an input axis can be computed by
forwarding two samples: subtracting the neurons with an one-hot input from the same neurons with
a zero input. The procedure can be amortized and parallelized to all the dimensions by feeding
D+1 samples to g✓ in parallel. We remark that the algorithm generalizes to all the piecewise linear
networks, and refer readers to Appendix C for algorithmic details. When the network is restricted to
be FC, we have a more efficient dynamic programming procedure in Appendix D.

4.2 APPROXIMATE LEARNING

Despite the parallelizable computation of rxzij , it is still challenging to compute the loss for large
networks in a high dimension setting, where even calling D+1 forward passes in parallel as used in
§4.1 is infeasible due to memory constraints. Hence we propose an unbiased estimator of the ROLL
loss in Eq. (9) when Î(x, �) = I. Note that
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Figure 1: Toy Examples. The boundary of each linear region is plotted with line segments, and each
circle indicates the `2 margin ✏̂x,2 around the training point. The prediction heatmap is shown aside
each figure. The gradient is annotated as arrows with length proportional to its `2 norm.

3.3.2 IMPROVING SPARSE LEARNING SIGNALS

Since a linear region is shaped by a set of neurons that are “close” to a given a point, a noticeable
problem of Eq. (7) is that it only focuses on the “closest” neuron, making it hard to scale the effect to
large networks. Hence, we make a generalization to the relaxed loss in Eq. (7) with a set of neurons
that incur high losses to the given point. We denote Î(x, �) as the set of neurons with top � percent
relaxed loss (TSVM loss) on x. The generalized loss is our final objective for learning RObust Local
Linearity (ROLL) and is written as:
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A special case of Eq. (9) is when � = 100 (i.e. Î(x, 100) = I), where the nonlinear sorting step
effectively disappears. Such simple additive structure without a nonlinear sorting step can stabilize
the training process, is simple to parallelize computation, and allows for an approximate learning
algorithm as will be developed in §4.2. Besides, taking � = 100 can induce a strong synergy effect,
as all the gradient norms krxzijk22 in Eq. (9) between any two layers are highly correlated.

4 COMPUTATION, APPROXIMATE LEARNING, AND COMPATIBILITY

4.1 PARALLEL COMPUTATION OF GRADIENTS
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calling a single back-propagation by exploiting the functional structure of f✓.
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We can construct another linear network g✓ that is identical to f✓ in S(x) based on the same set of
parameters but fixed linear activation functions constructed to mimic the behavior of f✓ in S(x).
Due to the linearity of g✓, the derivatives of all the neurons to an input axis can be computed by
forwarding two samples: subtracting the neurons with an one-hot input from the same neurons with
a zero input. The procedure can be amortized and parallelized to all the dimensions by feeding
D+1 samples to g✓ in parallel. We remark that the algorithm generalizes to all the piecewise linear
networks, and refer readers to Appendix C for algorithmic details. When the network is restricted to
be FC, we have a more efficient dynamic programming procedure in Appendix D.
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Despite the parallelizable computation of rxzij , it is still challenging to compute the loss for large
networks in a high dimension setting, where even calling D+1 forward passes in parallel as used in
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loss in Eq. (9) when Î(x, �) = I. Note that
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A special case of Eq. (9) is when � = 100 (i.e. Î(x, 100) = I), where the nonlinear sorting step
effectively disappears. Such simple additive structure without a nonlinear sorting step can stabilize
the training process, is simple to parallelize computation, and allows for an approximate learning
algorithm as will be developed in §4.2. Besides, taking � = 100 can induce a strong synergy effect,
as all the gradient norms krxzijk22 in Eq. (9) between any two layers are highly correlated.
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4.1 PARALLEL COMPUTATION OF GRADIENTS

The `2 margin ✏̂x,2 and the ROLL loss in Eq. (9) demands heavy computation on gradient norms.
While calling back-propagation |I| times is intractable, we develop a parallel algorithm without
calling a single back-propagation by exploiting the functional structure of f✓.

Given an activation pattern, we know that each hidden neuron zij is also a linear function of x 2 S(x).
We can construct another linear network g✓ that is identical to f✓ in S(x) based on the same set of
parameters but fixed linear activation functions constructed to mimic the behavior of f✓ in S(x).
Due to the linearity of g✓, the derivatives of all the neurons to an input axis can be computed by
forwarding two samples: subtracting the neurons with an one-hot input from the same neurons with
a zero input. The procedure can be amortized and parallelized to all the dimensions by feeding
D+1 samples to g✓ in parallel. We remark that the algorithm generalizes to all the piecewise linear
networks, and refer readers to Appendix C for algorithmic details. When the network is restricted to
be FC, we have a more efficient dynamic programming procedure in Appendix D.

4.2 APPROXIMATE LEARNING

Despite the parallelizable computation of rxzij , it is still challenging to compute the loss for large
networks in a high dimension setting, where even calling D+1 forward passes in parallel as used in
§4.1 is infeasible due to memory constraints. Hence we propose an unbiased estimator of the ROLL
loss in Eq. (9) when Î(x, �) = I. Note that
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Molding temporal models
‣ Introducing a local “explainer” as a witness of desired 

local behavior 
‣ For example:

deep temporal models 
that are locally ARMA 

(witness: ARMA)

deep sequence models 
that are locally bigram 

(witness: bigram)

g(t) = â1 g(t� 1) + â2 g(t� 2) + ✏t
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(a) Neighborhood (b) f 2 Fpiecewise linear

(c) gxi=1 2 Glinear (d) gxi=1 2 Gdecision stump

Figure 2: Examples of fitting a neighborhood
B✏(xi=1) (2a) with a piecewise linear predic-
tor (2b). When playing with di↵erent families of wit-
nesses (Figs. 2c&2d, dashed lines), the resulting pre-
dictors (in solid green) behave di↵erently although
they yield the same error (MSE=1.026).

any assumptions on the function class F , instead al-
lowing a flexible class of predictors. In contrast, the
family of witnesses G is strictly constrained to be a
functional set that is transparent, such as the set of
linear functions. We assume to have a (fixed) devia-
tion function d : Y ⇥ Y ! R�0, which measures dis-
crepancy between two elements in Y and can be used
to optimize f and g.

For expository purposes, we will develop the frame-
work in a discrete time setting where the pre-
dictor maps xi 2 X to f(xi) 2 Y for i 2
{1, 2, . . . , T}. The data are denoted as D =
{(x1, y1), (x2, y2), . . . , (xT , yT )}. For notational sim-
plicity, we use x1:i to denote the sequence of vari-
ables x1, . . . , xi. We first introduce our game-theoretic
framework in §3.1, analyze it in §3.2, and finally in-
stantiate the framework with concrete models in §4.

3.1 Game-Theoretic Transparency

There are many ways to use a witness function g 2 G
to guide the predictor f by means of discrepancy mea-
sures. However, since the witness functions can be
weak such as linear functions, we cannot expect that a
reasonable predictor would be nearly linear globally.
Instead, we make a slight generalization to enforce
this criterion only locally. To this end, we define local
transparency by measuring how close f is to the fam-
ily G over a local neighborhood B✏(xi) around an ob-
served point xi. One straightforward instantiation of
such a neighborhood B✏(xi) in temporal modeling will

be simply a local window of points {xt}min(T,i+✏)
t=max(1,i�✏).

Our resulting local discrepancy measure is

min
g2G

1

|B✏(xi)|
X

xt2B✏(xi)

d(f(xt), g(xt)). (1)

The minimizing witness function, ĝxi , is indexed by
the point xi around which it is estimated; depending
on the function f , the minimizing witness can change
from one neighborhood to another. If we view the min-
imization problem game-theoretically, ĝxi is the best
response strategy of the local witness around xi.

The local discrepancy measure can be subsequently in-
corporated into an overall regularization problem for
the predictor either symmetrically, as a shared objec-
tive, or asymmetrically, where the goals di↵er between
the predictor and the witness game-theoretically.

Symmetric criterion. Assume that a primal loss
L(·, ·) is given for a learning task. The goal of the
predictor is then to find f that o↵ers the best balance
between the primal loss and local transparency. Due to
the symmetry between the two players, the full game
can be collapsed into a single objective

X

(xi,yi)2D


L(f(xi), yi)+

�

|B✏(xi)|
X

xt2B✏(xi)

d(f(xt), gxi(xt))

�

(2)

to be minimized with respect to both f and gxi . Here,
� is a hyper-parameter that must be set.

To illustrate the above idea, we generate a synthetic
dataset to show a neighborhood in Figure 2a with a
perfect piecewise linear predictor f 2 Fpiecewise linear

in Figure 2b. Clearly, f does not agree with a linear
witness within the neighborhood, despite its piecewise
linear nature. However, when we establish a game be-
tween f and a linear witness gxi=1 2 Glinear as in Fig-
ure 2c, it admits lower functional deviation from Glinear

(and thus stronger adherence to the linear functional
class), while retaining considerable accuracy. On the
other hand, Figure 2d attests to the flexibility of our
framework, showing that a very di↵erent functional be-
havior can be induced by simply switching the witness’
functional class.

Asymmetric Game. The symmetric criterion makes
it simple to understand the overall co-operative objec-
tive, but solving it is ine�cient computationally. The
inner summation brings computational overhead; dif-
ferent possible sizes of the neighborhood B✏(xi) (e.g.,
end-point boundary cases) make it hard to parallelize
optimization for f (note that this does not hold for
gxi in general), which is problematic when we require
parallel training for deep networks. In addition, since
f is reused many times across neighborhoods in the
discrepancy measures, the value of f at any point xi

estimated

evaluated

f(t)
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local witness

We focus in this paper on molding complex
predictors towards exhibiting a chosen local
functional behavior. We coin the problem
functional transparency. The proposed ap-
proach is setup as a co-operative game be-
tween an unrestricted predictor such as a
neural network, and a witness chosen from
the desired transparent family. The goal of
the witness is to highlight, locally, how well
the predictor conforms to the chosen family

estimated

evaluated

local witness
P̂ (wt|wt�1)
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Molding temporal models
‣ Introducing a local “explainer” as a witness of desired 

local behavior 
‣ For example:

deep temporal models 
that are locally ARMA 

(witness: ARMA)

deep sequence models 
that are locally bigram 

(witness: bigram)
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(a) Neighborhood (b) f 2 Fpiecewise linear

(c) gxi=1 2 Glinear (d) gxi=1 2 Gdecision stump

Figure 2: Examples of fitting a neighborhood
B✏(xi=1) (2a) with a piecewise linear predic-
tor (2b). When playing with di↵erent families of wit-
nesses (Figs. 2c&2d, dashed lines), the resulting pre-
dictors (in solid green) behave di↵erently although
they yield the same error (MSE=1.026).

any assumptions on the function class F , instead al-
lowing a flexible class of predictors. In contrast, the
family of witnesses G is strictly constrained to be a
functional set that is transparent, such as the set of
linear functions. We assume to have a (fixed) devia-
tion function d : Y ⇥ Y ! R�0, which measures dis-
crepancy between two elements in Y and can be used
to optimize f and g.

For expository purposes, we will develop the frame-
work in a discrete time setting where the pre-
dictor maps xi 2 X to f(xi) 2 Y for i 2
{1, 2, . . . , T}. The data are denoted as D =
{(x1, y1), (x2, y2), . . . , (xT , yT )}. For notational sim-
plicity, we use x1:i to denote the sequence of vari-
ables x1, . . . , xi. We first introduce our game-theoretic
framework in §3.1, analyze it in §3.2, and finally in-
stantiate the framework with concrete models in §4.

3.1 Game-Theoretic Transparency

There are many ways to use a witness function g 2 G
to guide the predictor f by means of discrepancy mea-
sures. However, since the witness functions can be
weak such as linear functions, we cannot expect that a
reasonable predictor would be nearly linear globally.
Instead, we make a slight generalization to enforce
this criterion only locally. To this end, we define local
transparency by measuring how close f is to the fam-
ily G over a local neighborhood B✏(xi) around an ob-
served point xi. One straightforward instantiation of
such a neighborhood B✏(xi) in temporal modeling will

be simply a local window of points {xt}min(T,i+✏)
t=max(1,i�✏).

Our resulting local discrepancy measure is

min
g2G

1

|B✏(xi)|
X

xt2B✏(xi)

d(f(xt), g(xt)). (1)

The minimizing witness function, ĝxi , is indexed by
the point xi around which it is estimated; depending
on the function f , the minimizing witness can change
from one neighborhood to another. If we view the min-
imization problem game-theoretically, ĝxi is the best
response strategy of the local witness around xi.

The local discrepancy measure can be subsequently in-
corporated into an overall regularization problem for
the predictor either symmetrically, as a shared objec-
tive, or asymmetrically, where the goals di↵er between
the predictor and the witness game-theoretically.

Symmetric criterion. Assume that a primal loss
L(·, ·) is given for a learning task. The goal of the
predictor is then to find f that o↵ers the best balance
between the primal loss and local transparency. Due to
the symmetry between the two players, the full game
can be collapsed into a single objective

X

(xi,yi)2D


L(f(xi), yi)+

�

|B✏(xi)|
X

xt2B✏(xi)

d(f(xt), gxi(xt))

�

(2)

to be minimized with respect to both f and gxi . Here,
� is a hyper-parameter that must be set.

To illustrate the above idea, we generate a synthetic
dataset to show a neighborhood in Figure 2a with a
perfect piecewise linear predictor f 2 Fpiecewise linear

in Figure 2b. Clearly, f does not agree with a linear
witness within the neighborhood, despite its piecewise
linear nature. However, when we establish a game be-
tween f and a linear witness gxi=1 2 Glinear as in Fig-
ure 2c, it admits lower functional deviation from Glinear

(and thus stronger adherence to the linear functional
class), while retaining considerable accuracy. On the
other hand, Figure 2d attests to the flexibility of our
framework, showing that a very di↵erent functional be-
havior can be induced by simply switching the witness’
functional class.

Asymmetric Game. The symmetric criterion makes
it simple to understand the overall co-operative objec-
tive, but solving it is ine�cient computationally. The
inner summation brings computational overhead; dif-
ferent possible sizes of the neighborhood B✏(xi) (e.g.,
end-point boundary cases) make it hard to parallelize
optimization for f (note that this does not hold for
gxi in general), which is problematic when we require
parallel training for deep networks. In addition, since
f is reused many times across neighborhoods in the
discrepancy measures, the value of f at any point xi

estimated

evaluated

f(t)
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local witness

We focus in this paper on molding complex
predictors towards exhibiting a chosen local
functional behavior. We coin the problem
functional transparency. The proposed ap-
proach is setup as a co-operative game be-
tween an unrestricted predictor such as a
neural network, and a witness chosen from
the desired transparent family. The goal of
the witness is to highlight, locally, how well
the predictor conforms to the chosen family

estimated

evaluated

local witness
P̂ (wt|wt�1)
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A  co-operative witness…
‣ We can mold a complex function to agree locally with the 

corresponding local witness  

‣ (an asymmetric game, information sets do not agree)

nX

i=1


L(f(xi), yi) + � d(f(xi), ĝ(xi))

�
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loss on observations discrepancy with 
the local witness

f̂  argmin
f
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ĝ  argmin
g

X

xj2B(xi)

d(f̂(xj), g(xj))
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locally tailored witness

witness 
at xi
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[Lee et al. 2018]



Interpretability - the broader view
‣ The overall goal is about two-way communication, more 

formal view of “interpretability”
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Interpretability - the broader view
‣ The overall goal is about two-way communication, more 

formal view of “interpretability” 

‣ Self-explaining models: models are trained to exhibit 
desirable properties (causal, functional, relevance, etc)  

‣ Multi-resolution explanations
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